Received: February 13, 1998, Accepted: April 2, 1998

HYPER VERSION

The supercurrent trace identities of the N = 1, D = 4 Super-Yang-Mills theory in the Wess-Zumino gauge

Olivier Piguet^∗

Universidade Federal do Espírito Santo (UFES), Departamento de Física, Campus Universitário de Goiabeiras - 29060-900 - Vitória - ES - Brazil Sylvain Wolf^†

Département de Physique Théorique – Université de Genève 24, quai E. Ansermet – CH-1211 Genève 4 – Switzerland

Abstract: The supercurrent components of the N = 1, D = 4 Super-Yang-Mills theory in the Wess-Zumino gauge are coupled to the components of a background supergravitation field in the “new minimal” representation, in order to describe the various conservation laws in a functional way through the Ward identities for the diffeomorphisms and for the local supersymmetry, Lorentz and R-transformations. We also incorporate in the same functional formalism the supertrace identities, which leads however to a slight modification of the new minimal representation for supergravity, thus leading to a conformal version of it. The most general classical action obeying all the symmetry constraints and the condition of power-counting renormalizability is constructed.

Keywords: Gauge Symmetry, BRST Symmetry, Supergravity Models.

∗Supported by the Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq), Brazil. On leave of absence from the Département de Physique Théorique – Université de Genève, Switzerland.

†Supported in part by the Swiss National Science Foundation.

Contents

1. Introduction 2

2. N = 1 local SYM on curved space-time 4 2.1. Field content of new minimal N = 1 supergravity 4 2.2. Field content of Super Yang-Mills and matter 6 2.3. Flat limit 8 2.4. Invariant action 8 2.5. Classical identities defining the model 10 2.5.1. The Slavnov-Taylor (ST) identity 10 2.5.2. Gauge condition and ghost identities 11 2.6. Supercurrent and associated Ward identities 12

3. Weyl, supertrace and shift identities 13 3.1. Weyl identity 13 3.2. Supertrace identities 15 3.3. Shift identity 17 3.4. Algebra 18

4. New formulation of the model 18 4.1. The C-gauge problem 19 4.2. Solution of the gauge fixing problem 20 4.3. Classical identities defining the new formulation of the model 21 4.4. Supercurrent Ward identities 22 4.5. Flat limit 23

5. Stability of the solution 24

6. Conclusion 25

A. Quantum numbers of the fields 26

B. Notations and conventions 26

C. Vierbein formalism 28

D. Covariant derivative 29

E. BRS operator in the new formulation 30

F. Classical breakings, algebra and Ward operators for the linear symmetries 31

G. Computation of Σ_c 36 G.1. Construction of Σ̂_c 38 G.2. Computation of the cohomology element Σ_{ph} 40

1. Introduction

The renormalization properties of the supercurrent [1, 2] in N = 1 supersymmetric gauge theories (Super Yang-Mills – SYM) are of fundamental importance for the characterization of the ultraviolet behavior of the latter. Indeed, the supercurrent multiplet contains, together with the conserved spinor current associated to supersymmetry, the axial current associated to R-invariance and the improved conserved energy-momentum tensor. This implies that the anomaly of the axial current and the trace anomaly of the energy-momentum tensor – or scale anomaly, which controls the ultraviolet asymptotic behavior of the theory [3] – are related by supersymmetry. These anomalies appear as breakings of a set of “supertrace identities” including the usual energy-momentum trace identity, the spinor current trace identity and the divergence of the R axial current [1].

Thus, the use of the nonrenormalization theorem for the axial current [4, 5, 6] leads, through supersymmetry, to strong constraints on the scale anomaly, and even, in certain cases [7], to its absence^1.

The references [7] deal with this problem in the superfield formalism, which is well adapted if supersymmetry is exact^2. But it is highly desirable to extend the discussion to the more realistic situation where supersymmetry is broken, possibly by mass terms. There, most of the advantages of superspace being lost, it is worthwhile to work in the component formalism, and better in the Wess-Zumino gauge where the number of component fields is minimal. As a preliminary step to this program, the renormalizability of the SYM theories in the Wess-Zumino gauge has been recently established in [10, 11, 12] for the unbroken case^3 and in [15] in the presence of “soft” breakings by mass terms.

The aim of the present paper is to set up a functional formalism describing, through Ward identities to be obeyed by the generating functional of the Green functions, both, the conservation laws and the supertrace identities for the components of the

1See [8] for an earlier application of this idea to a formal proof of the finiteness of N = 4 super- Yang-Mills.

2See [9] for a superfield approach, not relying on the supercurrent anomalies, and with application to broken supersymmetry.

3See [11, 13, 14] for extended supersymmetry N = 2 and N = 4.

supercurrent. We shall do it in the component formalism, in the Wess-Zumino gauge, proceeding in two steps.

The first step of our approach consists in the coupling of the supercurrent components to the components of a supermultiplet of supergravity fields considered as external (background) fields. The use of the so called “new minimal” realization of supergravity [16] allows to express all the conservation laws as the Ward identities for the local symmetries – diffeomorphisms, Lorentz, supersymmetry, R – of this model, which now is one of gauge and matter fields coupled to a classical supergravity background. We shall begin by reestablishing the associated BRS formulation [17] of these local symmetries [18] in our proper notations, taking into account the presence of the gauge and matter fields. We shall then check the off-shell nilpotency of the BRS operator after the introduction of the external fields coupled to those BRS transformations which are nonlinear in the dynamical fields - the so-called “Batalin-Vilkoviski antifields” [19] – and write down the Slavnov-Taylor identity, a nonlinear Ward identity containing all the information about the symmetries and their algebra, hence on the supercurrent conservation laws and the supercurrent algebra. The achievement of this program represents the supersymmetric generalization of the results found in [20] for the algebra of the energy-momentum tensor alone.

The second step is the incorporation of the supertrace identities into the formalism. As we shall see, in order to avoid hard breakings of some of the identities, we have to proceed to a slight reformulation of the coupling to the external supergravity fields, leading to a modified realization of the supergravity algebra with new symmetries corresponding to the supertrace identities. This actually represents a particular formulation of conformal supergravity coupled to matter.^4 We then give a full BRS formulation of this new algebra, with an off-shell nilpotent BRS operator and a new Slavnov-Taylor identity.

We construct the most general – power-counting renormalizable – action obeying the Slavnov-Taylor identity, and find in particular that the pure supergravitational part is the known action of conformal supergravity [21, 22].

We finally check the stability of the theory under small perturbations as a preliminary step towards the proof of the renormalizability [23]. Although the present paper deals exclusively with the classical theory, the stability proof needs only to be complemented by the study of the possible anomalies in order to prove the renormalizability of the theory and to characterize its ultraviolet properties.

The plan of the paper is as follows. In section 2 we introduce the coupling of matter and Yang-Mills supermultiplets with the supergravity multiplet in the “new minimal” formulation. (Super)trace identities and Weyl symmetry are discussed together with their breakings in section 3 within the same formalism, whereas the new formulation is introduced in section 4 where the full new BRS algebra is given, too. Section 5

4As far the authors know, this particular formulation of conformal supergravity did not yet appear in the literature.

is devoted to the derivation of the most general action, including its pure conformal supergravity part, and to the proof of the stability of the theory under small perturbations.

Some technicalities are contained in the Appendices A to G.

2. N = 1 local SYM on curved space-time

As explained in the Introduction, we want to extend the previously studied model, N = 1 massless (global) SYM in the Wess-Zumino gauge [12], to the context of field theory on curved space-time. This means that we want to construct a model which is invariant under the local superpoincaré group rather than under the global superpoincaré group. But doing this is nothing but dealing with Supergravity coupled to SYM, with the crucial difference that we will consider the vierbein and the gravitino fields as external fields and doing so, we will not face the problem of dealing with a model which is power-counting non-renormalizable. In this way, we see that the title of this section could also have been “External N = 1 Supergravity coupled to SYM”.

2.1. Field content of new minimal N = 1 supergravity

As one of the goal of this paper is to exhibit the link between the conservation law of the R-current and the trace of the energy-momentum tensor via the supertrace identity, we choose the new minimal formulation of supergravity [16] since it contains the source of the R-current, namely the field B_μ, as a gauge field. The vierbein and gravitino fields will be the sources of the energy-momentum tensor and of the supersymmetry current, respectively.

The field content of this formulation is [16]:

- the vierbein^5 e_μ^a,

- the gravitino Ψ_{μα},

- the gauge field B_μ of the R-gauge transformations,

- the gauge field C_{μν} of the C-gauge transformations.

The ghost numbers, Grassmann parities, dimensions and R-weights of all the fields appearing in this paper are given in A. Our notations and conventions are given in B.

Remark: This is a torsion free formulation of gravity, which means that the Lorentz connection w_{μab} is a function of the vierbein (see C for a summary of the vierbein formalism).

The generalized BRS transformations [12, 24, 10, 11, 13, 14, 25], including diffeomorphisms, local Lorentz transformations, local supersymmetry and local R- and C-transformations are given by [16]

5See appendix C.

se_μ^a = L_ξe_μ^a + λ^a_be_μ^b + 2εσ^aΨ̄_μ + 2Ψ_μσ^aε̄ sΨ_μ = L_ξΨ_μ +^i_4 λ_{ab}Ψ_μσ^{ab} − iηΨ_μ − iD_με sΨ̄_μ = L_ξΨ̄_μ −^i_4 λ_{ab}σ̄^{ab}Ψ̄_μ + iηΨ̄_μ − iD_με̄ sC_{μν} = L_ξC_{μν} + ∂_μw_ν − ∂_ν w_μ −2εσ_μΨ̄_ν − 2Ψ_νσ_με̄ + 2εσ_νΨ̄_μ + 2Ψ_μσ_νε̄ sB_μ = L_ξB_μ + ∂_μη − εσ_μσ̄^{νρ}D_νΨ̄_ρ − D_ν Ψ_ρσ^{νρ}σ_με̄ ,

(2.1)

where ξ^μ, λ_{ab}, ε, η and w_μ are the ghosts for the diffeomorphisms, Lorentz transformations, supersymmetry, R- and C-transformations respectively – i.e., their infinitesimal parameters, but with opposite statistics. The σ^μ are the Pauli matrices and L_ξ is the Lie derivative.

Moreover, the following condensed notations have been used

D_με = ∇_με +^i_4 F_{μab}εσ^{ab} +^i_4 V_με +^1_8 V^λεσ_{μλ} D_με̄ = ∇_με̄ −^i_4 F_{μab}σ̄^{ab}ε̄ −^i_4 V_με̄ +^1_8 V^λσ̄_{μλ}ε̄ D_μΨ_ν = ∇_μΨ_ν +^i_4 F_{μab}Ψ_ν σ^{ab} +^i_4 V_μΨ_ν +^1_8 V^λΨ_ν σ_{μλ} D_μΨ̄_ν = ∇_μΨ̄_ν −^i_4 F_{μab}σ̄^{ab}Ψ̄_ν −^i_4 V_μΨ̄_ν +^1_8 V^λσ̄_{μλ}Ψ̄_ν F_{μab} = i ( Ψ_aσ_bΨ̄_μ − Ψ_bσ_aΨ̄_μ + Ψ_aσ_μΨ̄_b − Ψ_bσ_μΨ̄_a + Ψ_μσ_aΨ̄_b − Ψ_μσ_bΨ̄_a ) V^μ = X^μ + 4Y^μ X^μ = ε^{μνρλ}∂_ν C_{ρλ} Y^μ = iε^{μνρλ}Ψ_ν σ_ρΨ̄_λ ,

(2.2)

where the symbol ∇_μ means covariant derivative with respect to usual gauge transformations (see subsection 2.2), diffeomorphisms, Lorentz transformations and R-transfor-mations (see D for an explicit form of the covariant derivative).

Finally, the local algebra satisfied by these transformations [16] is encoded in the BRS transformations of the ghosts [18]:

sξ^μ = ξ^λ∂_λξ^μ + 2iE^μ sλ_{ab} = L_ξλ_{ab} + (λ^2)_{ab} + 2iE^λ ~w_{λab} −^i_2 ε_{abμν} E^μV^ν sε = L_ξε +^i_4 λ_{ab}εσ^{ab} − iηε + 2E^λΨ_λ sε̄ = L_ξε̄ −^i_4 λ_{ab}σ̄^{ab}ε̄ + iηε̄ + 2E^λΨ̄_λ sη = L_ξη − 2iE^λB_λ sw_μ = L_ξw_μ + ∂_μw + 2iE_μ + 2iC_{μν} E^ν sw = L_ξw − 2iE^λw_λ ,

(2.3)

where w is the ghost for the ghost w_μ and E^μ = εσ^με̄ ~w_{μab} = w_{μab} + F_{μab} . (2.4)

Thanks to these transformation laws for the ghosts, this BRS operator s is nilpotent: s^2 = 0 . (2.5)

Remark: Let us note the presence in the ghost transformations of gauge field dependent terms, like sη = · · · − 2iE^μB_μ, which means that the anticommutator of two supersymmetries gives field dependent gauge transformations. This accounts for the fact that the supersymmetry algebra in the ordinary formulation – i.e. without ghosts – is not closed but infinite. This fact, already encountered in the rigid model [12], is typical of the Wess-Zumino gauge [26].

2.2. Field content of Super Yang-Mills and matter The field content of the dynamical sector is [12, 15]:

- the gauge and gaugino fields A^i_μ and λ^i, in the adjoint representation of the gauge group G, which is supposed to be simple,

- the scalar and fermion matter fields ϕ_A and ψ_A, in some (reducible) representation of G carried by the anti-Hermitian matrices T^i_{AB} ,

- the ghost, antighost and Lagrange multiplier fields c^i, c̄^i and b^i, in the adjoint representation.

The BRS transformations of these fields, including as well the usual BRS transformations associated with G (called G-gauge transformations in this paper), are^6 sA^i_μ = L_ξA^i_μ + ∇_μc^i + εσ_μλ̄^i + λ^iσ_με̄ sλ^i = L_ξλ^i − f^{ijk}c^j λ^k +^i_4 λ_{ab}λ^iσ^{ab} − iηλ^i −^1_2 εσ^{μν} ~F^i_{μν} −^i_2 G^2(ϕ̄_AT^i_{AB} ϕ_B)ε sλ̄^i = L_ξλ̄^i − f^{ijk}c^jλ̄^k −^i_4 λ_{ab}σ̄^{ab}λ̄^i + iηλ̄^i +^1_2σ̄^{μν}ε̄ ~F^i_{μν} +^i_2 G^2(ϕ̄_AT^i_{AB} ϕ_B)ε̄ sϕ_A = L_ξϕ_A − T^i_{AB} c^iϕ_B −^2_3 iηϕ_A + 2εψ_A sϕ̄_A = L_ξϕ̄_A − T^i_{AB} c^iϕ̄_B +^2_3 iηϕ̄_A − 2ε̄ψ̄_A sψ_A = L_ξψ_A − T^i_{AB} c^iψ_B +^i_4 λ_{ab}ψ_Aσ^{ab} +^1_3 iηψ_A + iε̄σ̄^μD_μϕ_A + 2Λ̄_{(ABC)}ϕ̄_Bϕ̄_C ε sψ̄_A = L_ξψ̄_A − T^i_{AB} c^iψ̄_B −^i_4 λ_{ab}σ̄^{ab}ψ̄_A −^1_3 iηψ̄_A + iσ̄^μεD_μϕ̄_A − 2Λ_{(ABC)}ϕ_Bϕ_Cε̄ sc^i = L_ξc^i −^1_2 f^{ijk}c^jc^k − 2iE^μA^i_μ sc̄^i = L_ξc̄^i + b^i sb^i = L_ξb^i − 2iE^μ∂_μc̄^i ,

(2.6)

where G and Λ_{(ABC)} are the gauge coupling constant and Yukawa coupling constants respectively^7. Note that Λ_{(ABC)} is totally symmetric in its indices. Moreover, the following notation has been used: ~F^i_{μν} = F^i_{μν} − i { λ^iσ_μΨ̄_ν − λ^iσ_νΨ̄_μ − Ψ_ν σ_μλ̄^i + Ψ_μσ_νλ̄^i } D_μϕ_A = ∇_μϕ_A − 2iψ_AΨ_μ D_μϕ̄_A = ∇_μϕ̄_A + 2iψ̄_AΨ̄_μ .

(2.7)

Due to the fact that the auxiliary fields of the gauge and matter multiplets have been eliminated, the nilpotency of s is true only on-shell, i.e. s^2 = equations of motion for λ^i and ψ_A . (2.8) (Equations following from the action (2.12).)

For each field transforming nonlinearly in the dynamical fields we introduce an antifield which will couple to its s-variation [17, 19]. This happens for the dynamical fields themselves, except for c̄^i and b^i.

6The action of s on the gravitational fields are not modified by the adjunction of the usual BRS transformations associated with G since these fields are G-gauge invariant.

7These couplings will appear in the action displayed only later on (See (2.12)), although the action cannot be dissociated from the formulation of the BRS transformations due to the auxiliary fields having been eliminated.

2.3. Flat limit Before giving a BRS invariant action and the Slavnov-Taylor identity, let us have a look at the flat limit (F.L.) of the curved space-time model, defined as the limit where we recover the flat space-time and the rigid superpoincaré transformation group. On the gravitational fields, the flat limit is defined by e_μ^{a F.L.}−→ δ^a_μ Ψ_μ^{F.L.}−→ 0 B_μ^{F.L.}−→ 0 C_{μν}^{F.L.}−→ 0 .

(2.9)

To be coherent we must specify the flat limit of the ghost in such a way that the BRS variation of the gravitational fields goes to zero as well, i.e. 0 = s((φ)_{F.L})^!= (sφ)_{F.L} , (2.10) where (φ)_{F.L} stands for the flat limit of φ. This is trivial for all the fields except for e_μ^a, which imposes the following flat limit for the ghosts: ξ^{μ F.L.}−→ (ξ^μ)_{F.L} − (λ^μ_a)_{F.L}x^a λ_{ab}^{F.L.}−→ (λ_{ab})_{F.L} ε^{F.L.}−→ (ε)_{F.L} η^{F.L.}−→ (η)_{F.L} w_μ^{F.L.}−→ 0 w^{F.L.}−→ 0 ,

(2.11)

where (ξ^μ)_{F.L}, (λ_{ab})_{F.L}, (ε)_{F.L}, (η)_{F.L} are the constant ghosts used in the rigid model.

Remark: We see that when going from flat space-time to curved space-time, and thus from global Poincaré to local Poincaré transformations, the orbital part of the Lorentz transformation goes to the diffeomorphisms and only the spin part stays in the local Lorentz transformation.

2.4. Invariant action An action which is invariant under s is given by Σ_{inv} = Σ_{SYM} + Σ_{gf} . (2.12)

In order to write down Σ_{SYM}, let us introduce for convenience the following filtration operator: N = ∫ d^4x { Ψ_μ δ δΨ_μ − Ψ̄_μ δ δΨ̄_μ + C_{μν} δ δC_{μν} } , (2.13)

which allows us to write

Σ_{SYM} = 4∑ i=0 Σ^{(i)}_{SYM} , with NΣ^{(i)}_{SYM} = iΣ^{(i)}_{SYM} . (2.14)

Explicitly, we then have

Σ^{(0)}_{SYM} = ∫ d^4x √ g ( − 1 4G^2 F^{iμν} F^i_{μν} − i G^2 λ^iσ^μ∇_μλ̄^i − G^2 8 |ϕ̄_AT^i_{AB} ϕ_B|^2 + 1 2 ∇_μϕ_A∇^μϕ̄_A −iψ_Aσ^μ∇_μψ̄_A − 2Λ_{(ABC)}ϕ_Bϕ_CΛ̄_{(ADE)}ϕ̄_Dϕ̄_E − iT^i_{AB} ϕ_Bψ̄_Aλ̄^i

−iT^i_{AB}ϕ̄_Aψ_B λ^i + 2Λ_{(ABC)}ψ_Aψ_B ϕ_C + 2Λ̄_{(ABC)}ψ̄_Aψ̄_Bϕ̄_C − 1 12 Rϕ_Aϕ̄_A ) (2.15)

Σ^{(1)}_{SYM} = ∫ d^4x √ g ( − 1 2G^2 ( λ^iσ^μσ̄^{νρ}Ψ̄_μ + Ψ_μσ^{νρ}σ^μλ̄^i ) F^i_{νρ} − i 2 ( ϕ̄_AT^i_{AB} ϕ_B ) ( Ψ_μσ^μλ̄^i + λ^iσ^μΨ̄_μ ) −i (ψ_Aσ^μσ̄^ν Ψ_μ) ∇_νϕ̄_A + i ( Ψ̄_μσ̄^ν σ^μψ̄_A ) ∇_ν ϕ_A − 2 3 ( ψ̄_Aσ̄^{μν} ∇_μΨ̄_ν ) ϕ_A − 2 3 (∇_μΨ_ν σ^{μν} ψ_A) ϕ̄_A

+2Λ_{(ABC)} ( ψ_Aσ^μΨ̄_μ ) ϕ_Bϕ_C + 2Λ̄_{(ABC)} ( Ψ_μσ^μψ̄_A ) ϕ̄_Bϕ̄_C ) (2.16)

Σ^{(2)}_{SYM} = ∫ d^4x √ g ( 1 G^2 { − 3 8 V^μ ( λ^iσ_μλ̄^i ) + ( λ^iσ^λΨ̄_ν ) ( λ^iσ^νΨ̄_λ )

+ ( Ψ_λσ^νλ̄^i ) ( Ψ_ν σ^λλ̄^i ) + 1 2 ( λ^iσ^νΨ̄_ν ) ( λ^iσ^λΨ̄_λ )

+ 1 2 ( Ψ_λσ^λλ̄^i ) ( Ψ_ν σ^νλ̄^i ) + 1 2 ( λ^iσ^λΨ̄_ν ) ( Ψ_λσ^νλ̄^i )

+ 1 2 ( λ^iσ^νΨ̄_ν ) ( Ψ_λσ^λλ̄^i ) − ( Ψ_λσ^νλ̄^i ) ( λ^iσ_νΨ̄^λ )}

+ 1 8 X^μ ( ψ_Aσ_μψ̄_A ) + 2 (ψ_AΨ_μ) ( ψ̄_AΨ̄^μ )

+ 2i 3 Λ̄_{(ABC)}ϕ̄_Aϕ̄_Bϕ̄_C (Ψ_μσ^{μν} Ψ_ν ) + 2i 3 Λ_{(ABC)}ϕ_Aϕ_Bϕ_C ( Ψ̄_μσ̄^{μν}Ψ̄_ν )

+ 1 6 ϕ_Aϕ̄_A∇_μF_ν^{μν} + i 8 X^μ ( ϕ_A∇_μϕ̄_A − ∇_μϕ_Aϕ̄_A )

+ 1 3 ϕ_Aϕ̄_Aε^{μνρλ} ( Ψ_ν σ_λ∇_μΨ̄_ρ − ∇_μΨ_ν σ_λΨ̄_ρ ) ) (2.17)

Σ^{(3)}_{SYM} = ∫ d^4x √ g ( ϕ_A ( ψ̄_AΨ̄_μ ) ( − 1 4 V^μ + 1 3 Y^μ − i 3 F_ν^{μν} )

+ϕ̄_A (ψ_AΨ_μ) ( − 1 4 V^μ + 1 3 Y^μ + i 3 F_ν^{μν} ) ) (2.18)

Σ^{(4)}_{SYM} = ∫ d^4x √ g ( 1 32 ϕ_Aϕ̄_AV_μV^μ + 1 12 ϕ_Aϕ̄_A {F_ρ^{μρ}F_{νμ}^ν + F^{νμρ}F_{μρν} } ) , (2.19)

and, for the gauge fixing part – of the Landau type:

Σ_{gf} = s ∫ d^4x √ g { −∂_μc̄^ig^{μν} A^i_ν } = ∫ d^4x √ g { −2 ( εσ^λΨ̄_λ + Ψ_λσ^λε̄ ) ∂_μc̄^ig^{μν} A^i_ν − ∂_μb^ig^{μν} A^i_ν −2∂_μc̄^i ( εσ^μΨ̄^ν + εσ^νΨ̄^μ + Ψ^μσ^νε̄ + Ψ^ν σ^με̄ ) A^i_ν +∂_μc̄^ig^{μν} ( ∇_ν c^i + εσ_νλ̄^i + λ^iσ_νε̄ )} . (2.20)

Remark: This action is the most general power-counting renormalizable^8 one invariant under s, however up to purely gravitational terms, such as the purely supergravity action, which we have omitted.

2.5. Classical identities defining the model

As usually in the framework of algebraic renormalization [6], we want to define the theory through a complete set of functional identities. These identities express the various symmetries of the model as well as specific properties linked to the choice made for the gauge fixing. The action (2.12) ought to be the general solution of these functional identities, up to field and parameter redefinitions.

2.5.1. The Slavnov-Taylor (ST) identity

To write down the ST identity – the Ward identity of BRS invariance – we add to the invariant action the following external action Σ_{ext} which contains, besides the usual antifields coupled to the nonlinear s-variations of the dynamical fields, also non-standard terms, quadratic in the antifields, in order to correct for the fact that the s-operator was on-shell rather than off-shell nilpotent:

Σ_{ext} = ∫ d^4x ∑ φ∈I φ^∗sφ − G^2 2 √ g ( ελ^{∗i} − ε̄λ̄^{∗i} )_2 + 2 √ g (εψ^∗_A) ( ε̄ψ̄^∗_A ) , (2.21)

8The most general invariant action, with the power-counting condition relaxed, may be found in [27].

where I is defined below, in (2.25). Then, for the total action Σ,

Σ = Σ_{inv} + Σ_{ext} , (2.22)

we have the ST identity S(Σ) = 0 , (2.23) with S(γ) ≡ ∫ d^4x ∑ φ∈I δγ δφ^∗ δγ δφ + ∑ φ^′∈I^′ sφ^′ δγ δφ^′ , (2.24)

Here and throughout the paper, we define the three sets of fields I = { A^i_μ, λ^i, ψ_A, ϕ_A, c^i } , I^∗ = { A^{∗i}_μ , λ^{∗i}, ψ^∗_A, ϕ^∗_A, c^{∗i} } , I^′ = {c̄^i, b^i and the supergravity fields and ghosts } .

(2.25)

containing the dynamical fields which transform nonlinearly, the corresponding antifields and fields which transform linearly, including the gravitational fields and ghosts, respectively. For further use, we introduce the Batalin-Vilkovisky [19] notation for the ST operator: S(γ) = 1 2 (γ, γ) + bγ , (2.26) with (γ, γ^′) ≡ ∫ d^4x ∑ φ∈I ( δγ δφ^∗ δγ^′ δφ + δγ^′ δφ^∗ δγ δφ ) ∀γ, γ^′ with GP (γ) = GP (γ^′) = 0 ,

b ≡ ∫ d^4x ∑ φ^′∈I^′ sφ^′ δ δφ^′ with b^2 = 0 . (2.27)

From (2.23), we deduce that the linearized ST operator

B_Σ = (Σ, ·) + b , (2.28)

is nilpotent:

B^2_Σ = 0 . (2.29)

2.5.2. Gauge condition and ghost identities Besides the ST identity, we need to impose other identities:

The gauge condition δΣ δb^i(x) = Ω^i_b(x) , (2.30)

where Ω^i_b = ∂_μ (√ gg^{μν} A^i_ν ) is a classical breaking, i.e. is linear in the dynamical fields.

It defines the Landau gauge in curved space-time.

The ghost identities

F^iΣ = Δ^i_G , with F^i = ∫ d^4x { δ δc^i − f^{ijk}c̄^j δ δb^k } . (2.31)

This identity is peculiar to the Landau gauge [28] and Δ^i_G is a classical breaking given in F. Moreover: δΣ δξ^μ(x) = Ω_{Dμ}(x) , δΣ δλ_{ab}(x) = Ω^{ab}_L (x) , δΣ δη(x) = Ω_R(x) , δΣ δw_μ(x) = 0 , δΣ δw(x) = 0 ,

(2.32)

where Ω_{Dμ}, Ω^{ab}_L and Ω_R are classical breakings given in F. The equations (2.32) follow from the diffeomorphisms, Lorentz transformations and R-transformations being linear and from the dynamical fields being invariant under the C-transformations.

By “commuting” the identities (2.30-2.32) with the ST identity (2.23), we recover the antighost equation, the G-rigid invariance, and the Ward identities for the invariance under diffeomorphisms, Lorentz transformations, R- and C-transformations. They are explicitly given in F. This shows that all these symmetries are encoded in the ST identity, the gauge condition and the ghost identities, which constitute the minimal set of identities defining the model.

2.6. Supercurrent and associated Ward identities

Let us finish this section by explicitly giving the supercurrent components and conservation laws of the model.

Supercurrent components:

We identify the components of the supercurrent multiplet as the insertions

R^μ = δΣ δB_μ , Q^μ_α = δΣ δΨ^α_μ , T^μ_ν = e_ν^a δΣ δe_μ^a . (2.33)

That they belong to a supermultiplet is encoded in the ε part – the proper supersymmetry part – of the transformation laws of the supergravity fields.

Conservation laws:

We readily see that the Ward identities for local R-invariance (last of (F.28), with (F.23)) and for the diffeomorphisms (third of (F.28), with (F.17)) correspond to the conservation of the current R^μ and of the energy-momentum tensor T^μ_ν :

∂_μR^μ = ∑ all fields iR_φφ δΣ δφ + ∂_μ ( ξ^μ δΣ δη ) ,

∂_μT^μ_ν = ∑ all fields ∂_ν φ δΣ δφ + ∂_μ ( δ^μ_ν ∑ φ^∗∈I^∗ φ^∗ δ δφ^∗ − A^i_ν δ δA^i_μ + A^{∗iμ} δ δA^{∗iν} − Ψ_ν δ δΨ_μ + Ψ̄_ν δ δΨ̄_μ −C_{νρ} δ δC_{μρ} − B_ν δ δB_μ − w_ν δ δw_μ ) Σ + ∂_μ ( ξ^μ δΣ δξ^ν ) . (2.34)

The set I^∗ in the summation has been defined in (2.25).

Moreover, we can use the local Lorentz invariance (fourth of (F.28), with (F.21)) to show that this conserved energy-momentum tensor is symmetric. Indeed, its antisymmetric part vanishes on-shell:

T^{[ab]} = i 4 λ^iσ^{ab} δΣ δλ^i − i 4 λ̄^iσ^{ab} δΣ δλ̄^i + i 4 ψ_Aσ^{ab} δΣ δψ_A − i 4 ψ̄_Aσ^{ab} δΣ δψ̄_A + i 4 Ψ_μσ^{ab} δΣ δΨ_μ − i 4 Ψ̄_μσ^{ab} δΣ δΨ̄_μ + i 4 εσ^{ab} δΣ δε − i 4 ε̄σ^{ab} δΣ δε̄ + ( δ^a_c λ^b_d − δ^b_cλ^a_d ) δΣ δλ_{cd} +∂_μ ( 1 2 ξ^μ δΣ δλ_{ab} ) . (2.35)

As we will see later, T^μ_ν is indeed the improved energy-momentum tensor, as its trace T^μ_μ vanishes as well on-shell (4.20).

For the supersymmetry current Q^μ_α, and in the F.L., we use the local supersymmetry Ward identity (F.31), which yields

(∂_μQ^μ_α)|_{ghosts=0} = i ( Σ, δΣ δε^α )| | | |_{ghosts=0} + terms vanishing in the flat limit . (2.36)

3. Weyl, supertrace and shift identities

In this section, we will exhibit other symmetries of the action Σ which are of particular interest for the purpose of our work. They are the Weyl symmetry [29, 22, 20], the so-called supertrace identities [1, 30, 2] which can now be written as a Ward identity thanks to the introduction of the external gravitational fields, and finally a new identity, called the shift identity, which links the C_{μν} and B_μ dependence of the action. This last symmetry, as we will see, must be introduced in order to have a closed algebra.

3.1. Weyl identity

The Weyl transformations of infinitesimal local parameter κ(x) are [29, 22, 20] δ_κφ(x) = ~d_φκ(x)φ(x) , (3.1) for all fields φ of the model. The Weyl weights ~d_φ are given by

~d_φ = d_φ − number of covariant indices μ of φ_μ

+ number of contravariant indices μ of φ^μ, for φ ∈ I ∪ I^′ , ~d_φ∗ = − ~d_φ , for φ ∈ I , (3.2) the sets I and I^′ being defined by (2.25) and d_φ being the canonical dimension of φ. For further use, we write the associated Ward operator

S_{Weyl} = ∫ d^4x { ∑ all fields ~d_φκφ δ δφ } . (3.3)

The Weyl transformations are in fact the generalization to the curved space-time formalism of the dilatation transformations [29, 22, 20].

By a direct calculation, we find

S_{Weyl}Σ_{SYM} = − 3 4 ∫ d^4x { ε_μ^{νρλ}∂_ν κC_{ρλ} δΣ_{SYM} δB_μ } . (3.4)

Remark: We see from (3.4) that although Σ_{SYM} is not invariant under local Weyl transformations, it is invariant under global Weyl transformations, as the r.h.s. of (3.4) vanishes for a constant infinitesimal parameter κ. This is directly linked to the dilatation invariance of the flat limit model.

Thanks to the operational form of the r.h.s of (3.4) we can define the following modified operator

S_κ = S_{Weyl} + 3 4 ∫ d^4x { ε_μ^{νρλ}∂_ν κC_{ρλ} δ δB_μ } , (3.5)

to obtain S_κΣ_{SYM} = 0 . (3.6)

Next, applying S_κ on Σ_{ext} and Σ_{gf} leads to

S_κΣ_{ext} = Δ_{κ,ext} ≡ ∫ d^4x ( − i∂_μκ ( ψ^∗_Aσ^με̄ϕ_A − ψ̄^∗_Aσ̄^μεϕ̄_A )

+ 1 2 ε_μ^{νρλ}∂_ν κC_{ρλ} ( ψ^∗_Aσ^με̄ϕ_A + ψ̄^∗_Aσ̄^μεϕ̄_A )

+∂_μκ ξ^μ ∑ φ∈I (−1)^{gh(φ∗)} ~d_φφ^∗φ ) , (3.7)

S_κΣ_{gf} = Δ_{κ,gf} ≡ ∫ d^4x ( − 2∂_μκ { B_Σ (√ gc̄^ig^{μν} A^i_ν ) − L_ξ (√ gc̄^ig^{μν} A^i_ν )} ) , (3.8)

and thus S_κΣ = Δ_{κ,ext} + Δ_{κ,gf} . (3.9)

Again, we note that Σ, although not invariant under the local modified Weyl transformations, is invariant under the global Weyl transformations.

It should be stressed that, as it stands, (3.9) cannot be the starting point of the study of the quantum case since Δ_{κ,gf} is nonlinear in the dynamical fields and thus needs to be correctly defined at the quantum level (Δ_{κ,ext}, being linear in the dynamical fields, is well defined in the quantum model). Although we are only interested in the classical model in this paper, it is only the first step towards a quantum treatment and thus a suitable form of (3.9) is needed. We will return to this problem later (see section (4.2)), where we will introduce sources in order to define the operator (√ gc̄^ig^{μν} A^i_ν ) and its B_Σ-variation at the quantum level.

Remark: As we see from the Ward operator (3.5), there was no need to introduce a proper gauge field associated to the local Weyl invariance. In a certain sense, it is B_μ – the gauge field of local R-invariance – which plays this role.

3.2. Supertrace identities

It is known [1, 30, 31, 32, 2] that the trace of the energy-momentum tensor, T^μ_μ, the trace of the supersymmetry current, σ^μ_{αα̇}Q̄^{α̇}_μ , and the divergence of the R-current, ∂_μR^μ – all vanishing on shell in the massless classical theory considered here – belong to a supermultiplet, and that the corresponding trace and conservation identities form a supermultiplet of equations: the “supertrace identities”.

Our starting point will be the trace identity for the supersymmetry current, the other identities being deduced from it by covariance under supersymmetry. For the theory defined by the SYM action (2.14), it reads: σ^μ δΣ_{SYM} δΨ̄_μ = 2ϕ_A δΣ_{SYM} δψ_A + 3σ^νσ̄_μΨ_ν δΣ_{SYM} δB_μ . (3.10)

Introducing the infinitesimal local parameter χ_α(x) – a Weyl spinor – we may rewrite this equation as an integral Ward identity:

~~S_χΣ_{SYM} = 0 , (3.11)

where we have defined the Ward operator ~~S_χ by ~~S_χ = ∫ d^4x { −χσ_μ δ δΨ̄_μ + 2ϕ_Aχ δ δψ_A + 3 (χσ^νσ̄_μΨ_ν ) δ δB_μ } . (3.12)

Applying ~~S_χ to Σ_{ext} (2.21) leads to

~~S_χΣ_{ext} = ∫ d^4x ( − ( λ^{∗i}σ^{μν} ε ) ( χσ_{μν} λ^i ) + 4 (χε) ( ψ̄_Aψ̄^∗_A + ϕ_Aϕ^∗_A )

+4ϕ̄_A (εΨ_μ) ( χσ^μψ̄^∗_A ) − 4ϕ_A (χψ^∗_A) (Ψ_μσ^με̄) −2ϕ_Aχ∂_μ (ξ^μψ^∗_A) − 2 (χψ^∗_A) T^i_{AB}ϕ_B c^i + i 2 ϕ_A ( χσ^{ab}ψ^∗_A ) λ_{ab} + 2i 3 ϕ_A (χψ^∗_A) η )

= ∫ d^4x ( 2 (χψ^∗_A) δΣ δϕ^∗_A + i (χσ_{ab}ε) δΣ δλ_{ab} − 3i (χε) δΣ δη −2 (χε) ∑ φ∈I (−1)^{gh(φ∗)} ~d_φφ^∗φ

+2iϕ_A (χψ^∗_A) η + i 2 ϕ_A ( χσ^{ab}ψ^∗_A ) λ_{ab} − 2χ∂_μ (ξ^μψ^∗_Aϕ_A) +4ϕ̄_A (εΨ_μ) ( χσ^μψ̄^∗_A ) − 4ϕ_A (χψ^∗_A) (Ψ_μσ^με̄) ) , (3.13)

Thus redefining ~~S_χ by ~~S_χ → ~S_χ = ∫ d^4x { −χσ_μ δ δΨ̄_μ + 2ϕ_Aχ δ δψ_A + 3 (χσ^νσ̄_μΨ_ν ) δ δB_μ −2 (χψ^∗_A) δ δϕ^∗_A − i (χσ_{ab}ε) δ δλ_{ab} + 3i (χε) δ δη } , (3.14)

and defining the classical breaking Δ_{χ,ext} by

Δ_{χ,ext} = ∫ d^4x ( − 2 (χε) ∑ φ∈I (−1)^{gh(φ∗)} ~d_φφ^∗φ

+2iϕ_A (χψ^∗_A) η + i 2 ϕ_A ( χσ^{ab}ψ^∗_A ) λ_{ab} − 2χ∂_μ (ξ^μψ^∗_Aϕ_A) +4ϕ̄_A (εΨ_μ) ( χσ^μψ̄^∗_A ) − 4ϕ_A (χψ^∗_A) (Ψ_μσ^με̄) ) , (3.15)

allows to write ~S_χΣ_{ext} = Δ_{χ,ext} . (3.16) Then, applying the modified operator on Σ_{gf} leads to

~S_χΣ_{gf} = Δ_{χ,gf} + ∫ d^4x ( 4 (χε) c̄^i δΣ_{gf} δb^i ) ,

with Δ_{χ,gf} = ∫ d^4x ( 4∂_μ (χε) (√ gc̄^ig^{μν} A^i_ν ) ) . (3.17)

We see again the appearance of the operator (√ gc̄^ig^{μν} A^i_ν ) – quadratic in the dynamical fields – in the breaking of the supertrace identity, which deserves a better insight, postponed to section (4.2). We can redefine once more the operator ~S_χ, absorbing the second term of the r.h.s. of (3.17) in it: ~S_χ → S_χ = ∫ d^4x { −χσ_μ δ δΨ̄_μ + 3 (χσ^νσ̄_μΨ_ν ) δ δB_μ + 2ϕ_Aχ δ δψ_A − 2 (χψ^∗_A) δ δϕ^∗_A −i (χσ_{ab}ε) δ δλ_{ab} + 3i (χε) δ δη − 4 (χε) c̄^i δ δb^i } . (3.18)

Thus S_χΣ = Δ_{χ,ext} + Δ_{χ,gf} . (3.19) For further use, let us denote by S̄_{χ̄} the complex conjugate of S_χ and by Δ̄_{χ̄,ext} and Δ̄_{χ̄,gf} the complex conjugates of Δ_{χ,ext} and Δ_{χ,gf} , respectively.

Remark: The supertrace operator S_χ acts on the supergravity and matter fields, but not on the gauge fields.

3.3. Shift identity Having written the new Ward identities (3.9) and (3.19) (and their complex conjugates), we have now to study the algebra they form with the identities defining the theory, and particularly with the ST identity (2.23). Thus, for any γ with zero GP, we have S_χS(γ) − B_γ (S_χγ − Δ_{χ,ext} − Δ_{χ,gf} ) = [S_χ, b] γ + (γ, Δ_{χ,ext}) + bΔ_{χ,ext} + B_γ Δ_{χ,gf} = Ṡ_χγ + bΔ_{χ,ext} + B_γ Δ_{χ,gf} , (3.20) where we have used the definitions (2.27,2.28), and with

Ṡ_χ = S_κ [−2 (χε)] + S_K [−4 (χε) C_{μν} − 4i (εσ_{μν} χ)] +S_χ [ L_ξχ + i 4 λ_{ab}χσ^{ab} + iηχ − 2 (Ψ_μσ^με̄) χ ] + S̄_{χ̄} [−2 (εΨ_μ) χσ^μ] + ∫ d^4x { −12i (χσ^με̄) (εΨ_μ) δ δη − 4 (χε) w_μ δ δw_μ − 4 (χε) w δ δw } , (3.21)

where we have introduced the notation S_α[. . .] for the Ward operator obtained by replacing the infinitesimal parameter α = χ, χ̄, κ by the argument specified in the brackets, and have defined, for any antisymmetric tensor K_{μν} :

S_K = ∫ d^4x { 1 2 K_{μν} δ δC_{μν} − 3 8 ε_μ^{νρλ}∂_ν K_{ρλ} δ δB_μ } . (3.22)

Setting γ = Σ in(3.20), we get Ṡ_χΣ + bΔ_{χ,ext} + B_ΣΔ_{χ,gf} = 0 . (3.23)

Next, using (3.21), (3.9), (3.19) and (2.32), we obtain the following (linearly broken) shift identity^9 S_K Σ = Δ_{K,ext} , (3.24) where the classical breaking Δ_{K,ext} is given by

Δ_{K,ext} = ∫ d^4x ( − 1 4 ε_μ^{νρλ}∂_ν K_{ρλ} { ψ^∗_Aσ^με̄ϕ_A + ψ̄^∗_Aσ̄^μεϕ̄_A }) . (3.25)

As the Ward operator S_K appears in the r.h.s of (3.20), its presence is necessary for closing the algebra.

Remark: The denomination of (3.24) as the shift identity can be justified by defining B̂_μ = B_μ + 3 8 ε_μ^{νρλ}∂_ν C_{ρλ} , (3.26)

and thus getting, from (3.24) Σ(B_μ, C_{μν} , φ) = Σ(B̂_μ, 0, φ) + Δ_{K,ext}|_{Kμν =Cμν} , (3.27) which shows that the action, except the “classical” term Δ_{K,ext}|_{K=C} , depends on C_{μν} only as a shift of B_μ.

9This identity can be directly checked on the action Σ given by (2.22).

3.4. Algebra

Let us finally show that the algebra formed by S_κ, S_χ, S̄_{χ̄}, S_K , the gauge condition (2.30), the ghost identities (2.31-2.32) and the ST identity (2.23) is closed, by exhibiting the nontrivial ”commutation” rules. Thus, for any γ with zero GP, we have

S_K S(γ) − B_γ (S_K γ − Δ_{K,ext}) = [S_K , b] γ + (γ, Δ_{K,ext}) + bΔ_{χ,ext} = Ṡ_K γ + bΔ_{χ,ext} , (3.28)

with

Ṡ_K = S_χ [ 1 8 ε_μ^{νρλ}∂_ν K_{ρλ}ε̄σ̄^μ ] + S̄_{χ̄} [ 1 8 ε_μ^{νρλ}∂_ν K_{ρλ}εσ^μ ]

+S_K [L_ξK_{μν} ] + ∫ d^4x { 2iK_{μν} E^ν δ δw_μ } . (3.29)

Similarly,

S_κS(γ) − B_γ (S_κγ − Δ_{κ,ext} − Δ_{κ,gf} ) = [S_κ, b] γ + (γ, Δ_{κ,ext}) + bΔ_{χ,ext} + B_γ Δ_{κ,gf} = Ṡ_κγ + bΔ_{χ,ext} + B_γ Δ_{κ,gf} , (3.30)

with

Ṡ_κ = S_χ [( i 2 ∂_μκ − 1 4 ε_μ^{νρλ}∂_ν κC_{ρλ} ) ε̄σ̄^μ ] + S̄_{χ̄} [( − i 2 ∂_μκ − 1 4 ε_μ^{νρλ}∂_ν κC_{ρλ} ) εσ^μ ]

+S_K [−2 (∂_μw_ν − ∂_ν w_μ)] + S_κ [L_ξκ] + ∫ d^4x { −2∂_μκw δ δw_μ } . (3.31)

And finally,

[S_κ, S_χ] = S_χ[− 1 2 κχ] , [ S_κ, S̄_{χ̄} ] = S̄_{χ̄}[−^1_2 κχ̄] , [S_κ, S_K ] = S_K [2κK_{μν} ] , [ S_κ, δ δb^i ] = −2κ δ δb^i , [ S_κ, δ δw_μ ] = 2κ δ δw_μ , [ S_κ, δ δw ] = 2κ δ δw , (3.32)

complete the list of the nontrivial commutation rules of the algebra.

4. New formulation of the model

We have thus obtained a formulation of the supertrace identities as a complete algebra of symmetries, extending the initial set of symmetries depicted in section 2 and forming a closed algebra. Although this result looks satisfactory for the classical theory, there is a feature which makes it unsuitable to a prompt generalization to the quantum case. This is the presence, among the breakings of the new symmetries, of the terms Δ_{κ,gf} and Δ_{χ,gf} – originating from the gauge fixing part of the action – which are nonlinear in the dynamical fields (see (3.8) and (3.17)). Since these terms will suffer possible renormalizations, we have to formulate a new setup better adapted to the quantum extension of the model. This will be done by introducing a slightly modified symmetry content, but completely equivalent to the previous one at the classical level.

Thus, in the present section, we shall start again the construction of the model from the very beginning, including the new symmetries introduced in the last section in the BRS operator – the infinitesimal parameters κ, χ_α and K_{μν} becoming ghosts with transformation laws assuring the nilpotency of the BRS operator. As we shall see, this together with the introduction of a doublet of external fields coupled to the integrands of the nonlinear breakings solves the “gauge fixing problem”.

4.1. The C-gauge problem

With the introduction of the shift identity, we see that C_{μν} looses its gauge field character since (3.24) means that any change of C_{μν} (and not only the changes of the form (∂_μw_ν − ∂_ν w_μ) which correspond to a C-gauge transformation) can be compensated by a suitable change of B_μ. This means that the ghost fields w_μ and w and the C-gauge transformations become useless as soon as we introduce the field K_{μν} and the shift operator S_K (3.22).

Thus the first tremendous change we do in the model is at the level of the supergravitational field content, by skipping away the C-gauge invariance in favor of the shift identity. At the level of the BRS operator, care must be taken in order to preserve the nilpotency of s on C_{μν} , which is done by imposing the following BRS transformation for K_{μν} :

sK_{μν} = L_ξK_{μν} + 2i∂_μ (E_ν + C_{νρ}E^ρ) − 2i∂_ν (E_μ + C_{μρ}E^ρ) . (4.1)

But an explicit calculation easily shows that s is not nilpotent on K_{μν} ! To get the full nilpotency, we have to incorporate the new symmetries introduced in the previous section in the BRS formalism. We thus promote the fields κ, χ, χ̄ and K_{μν} to the rank of ghosts and add the Ward operators S_κ, S_χ, S̄_{χ̄} and S_K to the BRS operator s we started with in (2.1), (2.3) and (2.6).

We then construct the BRS transformations of the new ghosts by inspecting the algebra displayed in the previous section. For example, the term S_χ [ L_ξχ + i 4 λ_{ab}χσ^{ab} + iηχ − 2 (Ψ_μσ^με̄) χ ] (4.2)

in the r.h.s. of (3.21) means that the BRS transformation of χ looks like sχ = L_ξχ + i 4 λ_{ab}χσ^{ab} + iηχ − 2 (Ψ_μσ^με̄) χ + · · · . (4.3) Doing this for the whole algebra displayed in (3.28) to (3.32) and checking for the nilpotency leads to the following BRS transformations for the new ghost fields:

sK_{μν} = L_ξK_{μν} − 2κK_{μν} + 2i∂_μ (E_ν + C_{νρ}E^ρ) − 2i∂_ν (E_μ + C_{μρ}E^ρ) +4i (χ̄σ̄_{μν}ε̄ + χσ_{μν} ε) + 4 (χ̄ε̄ + χε) C_{μν} sχ = L_ξχ +^i_4 λ_{ab}χσ^{ab} + iηχ +^1_2 κχ −2 (Ψ_μσ^με̄) χ − 2 ( ε̄Ψ̄_μ ) χ̄σ̄^μ − (_1

8 (M_μ − 2N_μ) +^i_2 ∂_μκ ) ε̄σ̄^μ sχ̄ = L_ξχ̄ −^i_4 λ_{ab}σ̄^{ab}χ̄ − iηχ̄ +^1_2 κχ̄ −2 ( εσ^μΨ̄_μ ) χ̄ − 2 (εΨ_μ) χσ^μ +

(_1

8 (M_μ − 2N_μ) −^i_2 ∂_μκ ) εσ^μ sκ = L_ξκ + 2 (χ̄ε̄ + χε) ,

(4.4)

where we have used the notations M_μ = ε_μ^{νρλ}∂_ν K_{ρλ} N_μ = ε_μ^{νρλ}∂_ν κC_{ρλ} . (4.5)

The action of the modified BRS operator s on the other fields can be found in E. With this generalized BRS operator, we still have, as in (2.8) s^2 = equations of motion for λ^i and ψ_A , (4.6) where the equations of motion come from the invariant action (2.12).

4.2. Solution of the gauge fixing problem In order to write a ST identity for the new formulation of the model, we have to solve the problem of the gauge fixing, namely we have to give a ”suitable” definition of the two nonlinear insertions Ω^μ = −2 (√ gc̄^ig^{μν}A^i_ν ) Λ^μ = sΩ^μ − L_ξΩ^μ ,

(4.7)

which appear in the breakings of the supertrace identities (3.17) and of the Weyl symmetry (3.8). To do this, we introduce a doublet of sources I_μ and J_μ with the following BRS transformations: sI_μ = L_ξI_μ + J_μ

sJ_μ = L_ξJ_μ − 2iE^ν ∂_ν I_μ − 2i∂_μE^ν I_ν ,

(4.8)

with s^2I_μ = s^2J_μ = 0 . We then modify the action in Σ −→ Σ + s ∫ d^4x ( I_μΩ^μ )

= Σ + ∫ d^4x ( J_μΩ^μ + I_μΛ^μ ) . (4.9)

This allows the following operational definition (which is completely suitable to a quantum treatment of the model) for the two insertions Ω^μ and Λ^μ:

Ω^μ = δΣ δJ_μ Λ^μ = δΣ δI_μ , (4.10)

where we keep the notation Σ for the modified action.

4.3. Classical identities defining the new formulation of the model Let us now rewrite the identities defining the theory, insisting on the changes made with respect to subsection 2.5.

The ST identity The form of the ST identity has, of course, not changed, but the external action did since we modified the BRS operator s. So, we have

S(Σ) = 0 , (4.11)

with Σ = Σ_{inv} + Σ_{ext} and Σ_{inv} = Σ_{SYM} + Σ_{gf} , (4.12) where Σ_{SYM} is given in (2.14-2.19), Σ_{ext} is as in (2.21) but with the BRS operator s modified by (4.4) and (4.8) (see E, equations (E.1-E.4) for the action of s on the other fields) and Σ_{gf} is the sum of the gauge fixing action of the old formulation (2.20) and of the modification done in (4.9). It can be written

Σ_{gf} = s ∫ d^4x √ g {− (∂_μ + 2I_μ) c̄^ig^{μν} A^i_ν } . (4.13)

The gauge condition δΣ δb^i(x) = Ω^i_b(x) , (4.14)

where Ω^i_b = (∂_μ − 2I_μ) (√ gg^{μν} A^i_ν ) is still a classical breaking, but is different from the one in (2.30).

The ghost identities The following ghost identities are unchanged:

F^iΣ = Δ^i_G , δΣ δξ^μ(x) = Ω_{Dμ}(x) , δΣ δλ_{ab}(x) = Ω^{ab}_L (x) , δΣ δη(x) = Ω_R(x) . (4.15)

Finally, the ghosts identities associated with the new fields are:

δΣ δK_{μν} (x) = 0 , δΣ δχ(x) = Ω_χ(x) , δΣ δχ̄(x) = Ω̄_{χ̄}(x) , H_κ(x)Σ = Ω_κ(x) , (4.16)

where the classical breakings Ω_χ(x), Ω̄_{χ̄}(x) and Ω_κ(x) are given in F and where

H_κ(x) = δ δκ(x) + ∂_μ δ δJ_μ(x) . (4.17)

Again, we can recover the different linear symmetries (now including the shift identity, the supertrace identities and the Weyl symmetry), by commuting the identities (4.14-4.16) with the ST identity (4.11). This is explicitly done in F.

4.4. Supercurrent Ward identities

Conservation laws:

We identify the components of the supercurrent multiplet of the new formulation in the same way as in the old formulation (see 2.33), and we use the Ward identities for local R-invariance, diffeomorphisms and supersymmetry displayed in F to get the conservation laws. We thus find that the conservation laws for the current R and for the supersymmetry are unchanged with respect to (2.34) and (2.36), whereas the conservation law for the energy-momentum tensor becomes

∂_μT^μ_ν = ∑ all fields ∂_ν φ δΣ δφ + ∂_μ ( δ^μ_ν ∑ φ^∗∈I^∗ φ^∗ δ δφ^∗ − A^i_ν δ δA^i_μ + A^{∗iμ} δ δA^{∗iν} − Ψ_ν δ δΨ_μ + Ψ̄_ν δ δΨ̄_μ −C_{νρ} δ δC_{μρ} − B_ν δ δB_μ − K_{νρ} δ δK_{μρ} − I_ν δ δI_μ − J_ν δ δJ_μ ) Σ + ∂_μ ( ξ^μ δΣ δξ^ν ) . (4.18)

Again, the local Lorentz invariance (fourth of (F.28), with (F.22)) shows that the energy-momentum tensor is symmetric:

T^{[ab]} = i 4 λ^iσ^{ab} δΣ δλ^i − i 4 λ̄^iσ^{ab} δΣ δλ̄^i + i 4 ψ_Aσ^{ab} δΣ δψ_A − i 4 ψ̄_Aσ^{ab} δΣ δψ̄_A + i 4 Ψ_μσ^{ab} δΣ δΨ_μ − i 4 Ψ̄_μσ^{ab} δΣ δΨ̄_μ + i 4 εσ^{ab} δΣ δε − i 4 ε̄σ^{ab} δΣ δε̄ + ( δ^a_c λ^b_d − δ^b_cλ^a_d ) δΣ δλ_{cd} + i 4 χσ^{ab} δΣ δχ − i 4 χ̄σ^{ab} δΣ δχ̄ + ∂_μ ( 1 2 ξ^μ δΣ δλ_{ab} ) . (4.19)

Supertrace identities:

We proceed in the same way with the trace identities (second of (F.30), with (F.26) and last of (F.30), with (F.27)) corresponding to the supertrace identity and to the

Weyl identity, respectively, to get

σ̄_μQ^μ = −2ϕ̄_a δΣ δψ̄_a − 2ψ̄^∗_a δΣ δϕ̄^∗_a + 3σ̄^ν σ_μΨ̄_ν δΣ δB_μ + iσ̄_{ab}ε̄ δΣ δλ_{ab} + 4ε̄c̄^i δΣ δb^i + 3iε̄ δΣ δη − 2ε̄ δΣ δκ + 2 ( ε̄Ψ̄_μ ) σ̄^μ δΣ δχ + ∂_μ ( ξ^μ δΣ δχ̄ )

+ ( − i 4 λ_{ab}σ̄^{ab}iη − 1 2 κ + 2 ( εσ^μΨ̄_μ )) δΣ δχ̄ , T^μ_μ = ∑ all fields except eμ a ~d_φφ δΣ δφ − 1 4 ∂_λ { ε_ρ^{λμν} C_{μν} ( 3 δΣ δB_ρ + ε̄σ̄^ρ δΣ δχ + εσ^ρ δΣ δχ̄ )}

+ ∂_μ { i 2 ε̄σ̄^μ δΣ δχ − i 2 εσ^μ δΣ δχ̄ + δΣ δI_μ + ξ^μ ( δΣ δκ + ∂_ν δΣ δJ_ν )} . (4.20)

The second of these identities shows that T^μ_ν is indeed the improved energymomentum tensor, being on-shell traceless.

Finally, we explicitly give the shift identity (first of (F.30), with (F.25)) δΣ δC_{μν} = − 1 4 ∂_λ { ε_ρ^{λμν} C_{μν} ( 3i δΣ δB_ρ + ε̄σ̄^ρ δΣ δχ + εσ^ρ δΣ δχ̄ )} , (4.21)

which shows that the insertion δΣ δC_{μν} is not independent.

4.5. Flat limit

Defining the F.L. of the new formulation of the model will allow to recognize in more familiar terms the improvements implied by the adjunction of the new symmetries. First, to keep track of the supertrace identity and of the Weyl transformations when going to the F.L., we define χ^{F.L.}−→ (χ)_{F.L}

κ^{F.L.}−→ (κ)_{F.L} .

(4.22)

Next we study the constraint of coherence (2.10), which leads to K_{μν}^{F.L.}−→ 0 ε^{F.L.}−→ (ε)_{F.L} − ix^μ(χ̄σ̄_μ)_{F.L} ,

(4.23)

the first one coming from imposing (sC_{μν} )_{F.L} = 0 and the second from imposing (sΨ_μ)_{F.L} = 0 , since both C_{μν} and Ψ_μ have a null F.L. (See section 2.3).

Applying then (2.10) to κ leads to a new problem: the r.h.s tends to an x-dependent term (coming from the x-dependent term of the flat limit of ε) whereas the l.h.s is constant. This problem is solved by introducing a new constant ghost (β_μ)_{F.L} and to redefine the F.L. of κ as κ^{F.L.}−→ (κ)_{F.L} + x^μ(β_μ)_{F.L} . (4.24)

Finally applying (2.10) to the remaining ghosts leads to

ξ^{μ F.L.}−→ (ξ^μ)_{F.L} − (λ^μ_a)_{F.L}x^a + (κ)_{F.L}x^μ −^1_2 x^2(β^μ)_{F.L} + x^μx^ν (β_ν )_{F.L}

λ_{ab}^{F.L.}−→ (λ_{ab})_{F.L} + (β_a)_{F.L}x_b − (β_b)_{F.L}x_a

ε^{F.L.}−→ (ε)_{F.L} − ix^μ(χ̄σ̄_μ)_{F.L}

η^{F.L.}−→ (η)_{F.L} K_{μν}^{F.L.}−→ 0 χ^{F.L.}−→ (χ)_{F.L}

κ^{F.L.}−→ (κ)_{F.L} + x^μ(β_μ)_{F.L} .

(4.25)

Looking at the F.L. of the transformations laws of the dynamical fields and at the algebra encoded in (4.25) clearly shows that we have thus recovered the whole superconformal algebra [22, 2], where the ghosts (κ)_{F.L}, (β_μ)_{F.L} and (χ)_{F.L} are the ghosts for the dilatations, the special conformal transformations and the special superconformal transformations respectively.

5. Stability of the solution

As a first step to a complete quantum treatment of the model, let us study the stability of the classical action Σ (4.12) under radiative corrections. That means looking for the most general classical integrated insertion Σ_c (having the same quantum numbers and dimension as Σ) such that the perturbed action

Σ^′ = Σ + ζΣ_c , (5.1)

satisfies, at the first order in the infinitesimal parameter ζ, the same constraints as Σ, i.e. the ST identity (4.11), the gauge condition (4.14) and the ghost identities (4.15) and (4.16). The action is said to be stable if Σ_c corresponds to genuine counterterms, i.e. if Σ_c can be reabsorbed through a redefinition of the field amplitudes and of the parameters (namely the coupling constants).

Expanding these constraints on Σ^′ at the first order in ζ leads to the following set of equations that must be satisfied by Σ_c:

B_ΣΣ_c = 0 , (5.2) δΣ_c δb^i = 0 , F^iΣ_c = 0 , δΣ_c δξ^μ = δΣ_c δλ_{ab} = δΣ_c δη = 0 , δΣ_c δK_{μν} = δΣ_c δχ = δΣ_c δχ̄ = H_κΣ_c = 0 . (5.3)

The constraints (5.3) are easily solved and lead to a Σ_c which is independent of b^i, ξ^μ, λ_{ab}, η, K_{μν}, χ, χ̄ and which depends on c^i only through its derivative ∂_μc^i and on κ only through the combination

Ĵ_μ = J_μ + ∂_μκ . (5.4)

The equations (5.2) constitutes a cohomology problem, due to the nilpotency of the linearized ST operator B_Σ (see (2.29)). The strategy we applied to construct the explicit solution is given in G and we give here the result in the form:

Σ_c = Σ_{ph} + B_ΣΣ̂_c , (5.5)

with Σ_{ph} = Z_G ∂Σ ∂G + Z_{(ABC)} ∂Σ ∂Λ_{(ABC)} + Z̄_{(ABC)} ∂Σ ∂Λ̄_{(ABC)} + Σ_{CSG} , (5.6) and Σ̂_c = ∫ d^4x ( Z_AA^i_μÂ^{∗iμ} + Z_λλ^{∗i}λ^i + Z̄¯_λλ̄^{∗i}λ̄^i +Z_{ϕAB} ( ϕ^∗_A + 1 2 Ψ̄_μσ̄^μψ^∗_A ) ϕ_B + Z̄_{ϕAB} ( ϕ̄^∗_A − 1 2 Ψ_μσ^μψ̄^∗_A ) ϕ̄_B +Z_{ψAB} ψ^∗_A ( ψ_B + 1 2 σ^μΨ̄_μϕ_B ) + Z̄_{ψAB}ψ̄^∗_A ( ψ̄_B − 1 2 σ̄^μΨ_μϕ̄_B )

+V g^{μρ} ( Ψ_μ + i 3 Ψ_ν σ^ν_μ ) λ^{∗i}A^i_ρ + V̄ g^{μρ} ( Ψ̄_μ + i 3 Ψ̄_νσ̄^ν_μ ) λ̄^{∗i}A^i_ρ ) . (5.7)

The constant Z_G and the G-invariant tensor Z_{(ABC)} are interpreted as renormalizations of the coupling constants G and Λ_{(ABC)} respectively, whereas the constants Z_A, Z_λ, V and the G-invariant tensors Z_{ϕAB}, Z_{ψAB} correspond to unphysical field renormalizations. Finally, the counterterm Σ_{CSG} – which is independent of the dynamical fields – is in fact the conformal supergravity action [21, 22], but is interpreted in our context of external supergravity as corrections to the current algebra. The complete form of Σ_{CSG} can be found in [21, 22], and it starts as

Σ_{CSG} = Z_{CSG} ∫ d^4x √ g ( C^{μνρλ}C_{μνρλ} − 3 4 Ĝ^{μν}Ĝ_{μν} + · · · ) , (5.8)

where the Weyl tensor C^{μνρλ} and the R-curvature tensor Ĝ_{μν} are defined in G, equations (G.43) and (G.44).

Remark: At the F.L. the V -term and Σ_{CSG} disappear and the other ones tend, as expected, to the counterterms found in the rigid model [12].

6. Conclusion

We have thus succeeded in constructing a general functional formalism which incorporates, within a unique Slavnov-Taylor identity associated to a general BRS invariance, both the set of conservation laws of the supercurrent components, and the set of the “supertrace identities”. The latter includes the – potentially anomalous – Ward identities for the traces of the energy-momentum tensor and spinor current (4.20), as well as the shift identity (4.21). In order to achieve this, we had to reformulate the “new minimal” external supergravity in such a way that the conformal properties implied by the supertrace identities might be naturally incorporated.

The supermultiplet structure of the supertrace identities – which is obvious in the superspace approach, where they form a superfield – is here somewhat hidden in the algebra of the Slavnov-Taylor operator. One can nevertheless observe it in the algebraic identities (3.20),(3.28),(3.30) and (3.32). We have given the algebra explicitly for the old formulation. But, in the new formulation, designed indeed in order to take care of it, the complete algebra can be read out directly from the BRS transformations of the ghosts (see (4.4)).

Acknowledgments

We thank Nicola Maggiore and Klaus Sibold for interesting and useful discussions at a preliminary stage of this work. One of us (S.W.) is indebted to the fund Fanny Wurth, University of Geneva, Switzerland, for its financial support, and thanks the Physics Department of the Universidade Federal do Espírito Santo, Brazil, for its kind hospitality.

A. Quantum numbers of the fields

We give in this Appendix the ghost numbers, Grassmann parities, dimensions and R-weights of all the fields appearing in the model.

They commute or anticommute according to the formula:

φ_1φ_2 = (−1)^{GP(φ1)·GP(φ2)}φ_2φ_1 . (A.1)

Table 1 on page 27 shows the Grassmann parities GP , the ghost numbers ΦΠ, the dimensions d and the R-weights of the various fields.

B. Notations and conventions

Units: h̄ = c = 1.

Flat space-time metric: (η_{ab}) = diag(1, −1, −1, −1) , (a, b = 0, 1, 2, 3).

Weyl spinor: (ψ_α , α = 1, 2) ∈ repr. (^1_2 , 0) of the Lorentz group. ψ_αψ^′_β = −ψ^′_β ψ_α

Complex conjugate spinor: (ψ̄_{α̇} , α̇ = 1, 2) ∈ repr. (0,^1_2 ).

A^i_μ λ^i ϕ_A ψ_A c^i c̄^i b^i A^{∗iμ} λ^{∗i} ϕ^∗_A ψ^∗_A c^{∗i} e_a^μ Ψ_μ B_μ C_{μν} GP 0 1 0 1 1 1 0 1 0 1 0 0 0 1 0 0 ΦΠ 0 0 0 0 1 -1 0 -1 -1 -1 -1 -2 0 0 0 0 d 1 3/2 1 3/2 0 2 2 3 5/2 3 5/2 4 0 1/2 1 0 R 0 -1 -2/3 1/3 0 0 0 0 1 2/3 -1/3 0 0 -1 0 0 ξ^μ λ_{ab} ε η w_μ w K_{μν} χ κ I_μ J_μ GP 1 1 0 1 1 0 1 0 1 0 1 ΦΠ 1 1 1 1 1 2 1 1 1 0 1 d -1 0 -1/2 0 -1 -2 0 1/2 0 1 1 R 0 0 -1 0 0 0 0 1 0 0 0

Table 1: Grassmann parity GP , ghost number ΦΠ, dimensions d, and R-weight of the dynamical fields and their antifields.

Raising and lowering of spinor indices: (the same for dotted indices)

ψ^α = ε^{αβ}ψ_β , ψ_α = ε_{αβ}ψ^β , (B.1)

with ε^{αβ} = −ε^{βα}, ε^{12} = 1, ε_{αβ} = −ε^{aβ} , ε^{αβ}ε_{βγ} = δ^α_γ . (B.2)

Derivative with respect to a spinor component: (the same for dotted indices) ∂ ∂ψ^α ψ^β = δ^β_α , ∂ ∂ψ_α = ε^{αβ} ∂ ∂ψ^β , (B.3)

Pauli matrices: ( σ^a_{αβ̇} ) = ( σ^0_{αβ̇} , σ^1_{αβ̇} , σ^2_{αβ̇} , σ^3_{αβ̇} ) , σ̄^{α̇β}_a = σ^{βα̇}_a = ε^{βα}ε^{α̇β̇}σ_{a α}˙_β , (B.4)

(σ^{ab})_α^β = i 2 [ σ^aσ̄^b − σ^bσ̄^a ] α β , (σ̄^{ab})^{α̇}_{β̇} = i 2 [ σ̄^aσ^b − σ̄^bσ^a ]_{α̇} β̇ , (B.5)

with

σ^0 = ( 1 0 0 1 ) , σ^1 = ( 0 1 1 0 ) , σ^2 = ( 0 −i i 0 ) , σ^3 = ( 1 0 0 −1 ) , σ̄^0 = σ^0 , σ̄^i = −σ^i = σ_i , σ^{0i} = −σ̄^{0i} = −iσ^i , σ^{ij} = σ̄^{ij} = ε^{ijk}σ^k , i, j, k = 1, 2, 3 . Remark: We define σ_μ ≡ e_μ^aσ_a. (See appendix C for the definition of the vierbein e_μ^a.)

Summation conventions and complex conjugation: Let ψ and χ be two Weyl (anticommutant) spinors; we have: ψχ = ψ^αχ_α = −χ_αψ^α = χ^αψ_α = χψ , ψ̄χ̄ = ψ̄_{α̇}χ̄α̇ = −χ̄α̇ψ̄_{α̇} = χ̄_{α̇}ψ̄α̇ = χ̄ψ̄ , ψσ^μχ̄ = ψ^ασ^μ_{αα̇}χ̄^{α̇} , ψ̄σ̄_μχ = ψ̄_{α̇}σ̄^{α̇α}_μ χ_α , (ψχ) = χ̄ψ̄ = ψ̄χ̄ , (ψσ^μχ̄) = χσ^μψ̄ = −ψ̄σ̄^μχ , (ψσ^{μν} χ) = χ̄σ̄^{μν}ψ̄ . ε-tensor: ε_{μνρλ} ≡ ε_{abcd}e_μ^ae_ν^be_ρ^ce_λ^d , ε_{0123} = +1 .

Lie derivative: The Lie derivative L_ξ along ξ^μ is defined, for a scalar or a vector field, by:

L_ξφ = ξ^μ∂_μφ (B.6) L_ξφ_ν = ξ^μ∂_μφ_ν + ∂_ν ξ^μφ_μ (B.7) L_ξφ^ν = ξ^μ∂_μφ^ν − ∂_μξ^ν φ^μ , (B.8) with the obvious generalization to the higher rank tensors. For a tensorial density Φ^{···}, the formula L_ξΦ^{···} = eL_ξ ( e^{−1}Φ^{···} ) + ∂_μ(ξ^μe)e^{−1}Φ^{···} , defines its Lie derivative from the Lie derivative of the tensor e^{−1}Φ^{···}.

C. Vierbein formalism

As already said, we suppose that the space-time torsion is identically zero, which means that the Lorentz connection w_{μab} is expressed as a function of the vierbein e_μ^a: w_{μab} = 1 2 (e_{ν a}∂_μe_b^ν − e_{ν b}∂_μe_a^ν − e_a^ν e_b^ρ(∂_ν g_{ρμ} − ∂_ρg_{νμ})) . (C.1) The indices μ, ν, · · · = 0, · · · , 3 and a, b, · · · = 0, · · · , 3 are world and tangent space indices, respectively.

The inverse vierbein is given by e_a^μ, with:

e_a^μe_μ^b = δ^b_a , e_μ^ae_a^ν = δ^ν_μ . (C.2) The metric is then given by:

g_{μν} = e_μ^ae_{ν a} . (C.3)

The metric g_{μν} is used to raise and lower world indices, the flat metric η_{ab} is used to raise and lower the tangent space indices and the vierbein e_μ^a is used to transform a tangent space indice into a world indice and vice versa:

g_{μν} φ^ν = φ_μ , g^{μν}φ_ν = φ^μ , η_{ab}φ^b = φ_a , η^{ab}φ_b = φ^a , e_μ^aφ_a = φ_μ , e_a^μφ_μ = φ_a ,

(C.4)

where g^{μν} is the inverse metric.

The Christoffel symbols are defined by:

Γ_μ^λ_ν = 1 2 g^{λρ} (∂_ρg_{μν} − ∂_μg_{ρν} − ∂_ν g_{μρ}) . (C.5)

And finally, the Riemann tensor, the Ricci tensor and the scalar curvature are defined by: R_{μνab} = ∂_ν w_{νab} − ∂_μw_{μab} + w_{ν a}^cw_{μcb} − w_{μa}^cw_{νcb} , R_{μν} = R_{μλab}e^{bλ}e_ν^a , R = g^{μν} R_{μν} . (C.6)

D. Covariant derivative

A generic field φ is completely characterized by

• its world indices: μ, ν, ρ, . . .

• its Lorentz indices:

a, b, c, . . . tangent space vectorial indices α, β, γ, . . . undotted spinorial indices α̇, β̇, γ̇, . . . dotted spinorial indices

• its G-gauge indices:

i, j, k, . . . of the adjoint representation of G A, B, C, . . . of some rep. R of G • its R-weight: R_φ • its canonical dimension: d_φ .

(D.1)

The covariant derivative ∇_μφ of a tensor φ is then defined by ∇_μφ = ∂_μφ +Γ_μ^λ_ν φ_λ for each covariant indice ν of φ_ν −Γ_μ^ν_λφ^λ for each contravariant indice ν of φ^ν +w_{μa}^bφ_b for each tangent space Lorentz indice a of φ_a +^i_4 w_{μab}φ^βσ^{ab}_β^α for each undotted Lorentz indice α of φ^α −^i_4 w_{μab}σ̄^{abβ̇}_{γ̇} φ^{γ̇} for each dotted Lorentz indice β̇ of φ^{β̇} +f^{ijk}A^j_μφ^k for each gauge indice i of φ^i +T^i_{AB}A^i_μφ_B for each gauge indice A of φ_A −iR_φB_μφ

(D.2)

E. BRS operator in the new formulation

The BRS operator s including all the symmetries of the new formulation of the model is given by

sA^i_μ = L_ξA^i_μ + ∇_μc^i + εσ_μλ̄^i + λ^iσ_με̄ sλ^i = L_ξλ^i − f^{ijk}c^jλ^k + i 4 λ_{ab}λ^iσ^{ab} − iηλ^i − 1 2 εσ^{μν} ~F^i_{μν} − i 2 G^2(ϕ̄_AT^i_{AB} ϕ_B)ε + 3 2 κλ^i sλ̄^i = L_ξλ̄^i − f^{ijk}c^jλ̄^k − i 4 λ_{ab}σ̄^{ab}λ̄^i + iηλ̄^{iβ̇} + 1 2 σ̄^{μν}ε̄ ~F^i_{μν} + i 2 G^2(ϕ̄_AT^i_{AB} ϕ_B)ε̄ + 3 2 κλ̄^i sϕ_A = L_ξϕ_A − T^i_{AB}c^iϕ_B − 2 3 iηϕ_A + 2εψ_A + κϕ_A sϕ̄_A = L_ξϕ̄_A − T^i_{AB}c^iϕ̄_B + 2 3 iηϕ̄_A − 2ε̄ψ̄_A + κϕ̄_A sψ_A = L_ξψ_A − T^i_{AB} c^iψ_B + i 4 λ_{ab}ψ_Aσ^{ab} + 1 3 iηψ_A + iε̄σ̄^μD_μϕ_A + 2Λ̄_{(ABC)}ϕ̄_Bϕ̄_C ε + 3 2 κψ_A + 2ϕ_Aχ sψ̄_A = L_ξψ̄_A − T^i_{AB} c^iψ̄_B − i 4 λ_{ab}σ̄^{ab}ψ̄_A − 1 3 iηψ̄_A + iσ̄^μεD_μϕ̄_A − 2Λ_{(ABC)}ϕ_Bϕ_Cε̄ + 3 2 κψ̄_A − 2ϕ̄_Aχ̄ sc^i = L_ξc^i − 1 2 f^{ijk}c^jc^k − 2iE^μA^i_μ sc̄^i = L_ξc̄^i + b^i + 2κc̄^i sb^i = L_ξb^i − 2iE^μ∂_μc̄^i + 2κb^i − 4(χ̄ε̄ + χε)c̄^i (E.1) se_μ^a = L_ξe_μ^a + λ^a_be_μ^b + 2εσ^aΨ̄_μ + 2Ψ_μσ^aε̄ − κe_μ^a

sΨ_μ = L_ξΨ_μ + i 4 λ_{ab}Ψ_μσ^{ab} − iηΨ_μ − iD_με − 1 2 κΨ_μ + χ̄σ̄_μ

sΨ̄_μ = L_ξΨ̄_μ − i 4 λ_{ab}σ̄^{ab}Ψ̄_μ + iηΨ̄_μ − iD_με̄ − 1 2 κΨ̄_μ + χσ_μ sC_{μν} = L_ξC_{μν} + K_{μν} − 2κC_{μν} −2εσ_μΨ̄_ν − 2Ψ_ν σ_με̄ + 2εσ_νΨ̄_μ + 2Ψ_μσ_νε̄ sB_μ = L_ξB_μ + ∂_μη − εσ_μσ̄^{νρ}D_νΨ̄_ρ − D_ν Ψ_ρσ^{νρ}σ_με̄ −3 ( χ̄σ̄^ν σ_μΨ̄_ν ) + 3 (χσ^νσ̄_μΨ_ν ) − 3 8 (M_μ − 2N_μ) (E.2)

sI_μ = L_ξI_μ + J_μ sJ_μ = L_ξJ_μ − 2iE^ν ∂_ν I_μ − 2i∂_μE^ν I_ν (E.3)

sξ^μ = ξ^λ∂_λξ^μ + 2iE^μ

sλ_{ab} = L_ξλ_{ab} + (λ^2)_{ab} + 2iE^λ ~w_{λab} − i 2 ε_{abμν} E^μV^ν − 2i (χ̄σ̄_{ab}ε̄) − 2i (χσ_{ab}ε) sε = L_ξε + i 4 λ_{ab}εσ^{ab} − iηε + 2E^λΨ_λ − 1 2 κε sε̄ = L_ξε̄ − i 4 λ_{ab}σ̄^{ab}ε̄ + iηε̄ + 2E^λΨ̄_λ − 1 2 κε̄ sη = L_ξη − 2iE^λB_λ − 3i (χ̄ε̄ − χε) sK_{μν} = L_ξK_{μν} − 2κK_{μν} + 2i∂_μ (E_ν + C_{νρ}E^ρ) − 2i∂_ν (E_μ + C_{μρ}E^ρ) +4i (χ̄σ̄_{μν}ε̄ + χσ_{μν} ε) + 4 (χ̄ε̄ + χε) C_{μν} sχ = L_ξχ + i 4 λ_{ab}χσ^{ab} + iηχ + 1 2 κχ −2 (Ψ_μσ^με̄) χ − 2 ( ε̄Ψ̄_μ ) χ̄σ̄^μ − ( 1 8 (M_μ − 2N_μ) + i 2 ∂_μκ ) ε̄σ̄^μ sχ̄ = L_ξχ̄ − i 4 λ_{ab}σ̄^{ab}χ̄ − iηχ̄ + 1 2 κχ̄ −2 ( εσ^μΨ̄_μ ) χ̄ − 2 (εΨ_μ) χσ^μ + ( 1 8 (M_μ − 2N_μ) − i 2 ∂_μκ ) εσ^μ sκ = L_ξκ + 2 (χ̄ε̄ + χε) , (E.4)

where we have used the notations (2.2, 2.4) and (4.5).

F. Classical breakings, algebra and Ward operators for the linear symmetries

We give in this appendix the classical breakings of the Ward identities defining the model, as well as the algebra formed by the ST operator and the Ward operators, which leads to the Ward operators for G-rigid transformations, diffeomorphisms, Lorentz transformations, R- and C-transformations and, for the new formulation of the model, to the Ward operators associated with the shift identity, the supertrace identities and the Weyl identity. The distinction between old and new formulation is made whenever it is necessary.

We start by giving explicitly the classical breakings of the Ward identities (2.31) and (2.32) for the old formulation or (4.15) in the new formulation:

Δ^i_G = ∫ d^4x ( f^{ijk} { −A^{∗jμ}A^k_μ + λ^{∗j}λ^k + λ̄^{∗j}λ̄^k + c^{∗j} c^k }

+ T^i_{AB} { ϕ^∗_Aϕ_B + ϕ̄^∗_Aϕ̄_B − ψ^∗_Aψ_B − ψ̄^∗_Aψ̄_B } ) , Ω_{Dμ} = ∑ φ∈I (−1)^{gh(φ∗)}φ^∗∂_μφ + ∂_ν ( A^{∗iν} A^i_μ ) , Ω^{ab}_L = − i 2 λ^{∗i}σ^{ab}λ^i − i 2 λ̄^{∗i}σ^{ab}λ̄^i − i 2 ψ^∗_Aσ^{ab}ψ_A − i 2 ψ̄^∗_Aσ^{ab}ψ̄_A , Ω_R = ∑ φ∈I (−1)^{gh(φ∗)}φ^∗iR_φφ . (F.1)

For the supplementary ghost identities of the new formulation (4.16), the classical breakings are: Ω_χ = −2ϕ_Aψ^∗_A , Ω̄_{χ̄} = −2ϕ̄_Aψ̄∗_A ,

Ω_κ = ∑ φ∈I (−1)^{gh(φ∗)}φ^∗ ~d_φφ .

(F.2)

We can then write down the nontrivial commutation rules for the algebra formed by the ST operator (2.24) and the operators defining the Ward identities (2.30-2.32) or (4.15-4.16), valid for any functional γ with zero GP:

B_γ S(γ) = 0 , (F.3) δ δb^i S(γ) − B_γ ( δγ δb^i − Ω^i_b ) = F̄^iγ + bΩ^i_b , (F.4) F^iS(γ) + B_γ ( F^iγ − Δ^i_G ) = W^i_Gγ , (F.5) δ δξ^μ S(γ) + B_γ ( δγ δξ^μ − Ω_{Dμ} ) = ω_{Dμ}γ + ∂_ν ( ξ^ν δγ δξ^μ ) , (F.6) δ δλ_{ab} S(γ) + B_γ ( δγ δλ_{ab} − Ω^{ab}_L ) = ω^{ab}_L γ + ∂_μ ( ξ^μ δγ δλ_{ab} ) , (F.7) δ δη S(γ) + B_γ ( δγ δη − Ω_R ) = ω_Rγ + ∂_μ ( ξ^μ δγ δη ) . (F.8)

Moreover, for the old formulation: δ δw_μ S(γ) + B_γ ( δγ δw_μ ) = ω^μ_Cγ + ∂_ν ( ξ^ν δγ δw_μ ) − ∂_ν ξ^μ δγ δw_ν − 2iE^μ δγ δw , (F.9) δ δw S(γ) − B_γ ( δγ δw ) = −∂_μ δγ δw_μ − ∂_μ ( ξ^μ δγ δw ) , (F.10)

whereas, for the new formulation: δ δK_{μν} S(γ) + B_γ ( δγ δK_{μν} ) = ω^{μν}_K γ + ∂_ρ ( ξ^ρ δγ δK_{μν} )

−∂_ρξ^μ δγ δK_{ρν} + ∂_ρξ^ν δγ δK_{ρμ} + 2κ δγ δK_{μν} , (F.11)

δ δχ S(γ) − B_γ ( δγ δχ − Ω_χ ) = ω_χγ − ∂_μ ( ξ^μ δγ δχ )

+ ( i 4 λ_{ab}σ^{ab} + iη + 1 2 κ − 2 (Ψ_μσ^με̄) ) δγ δχ , (F.12)

H_κS(γ) + B_γ (H_κγ − Ω_κ) = ω_κγ + ∂_μ (ξ^μ H_κγ) . (F.13)

This algebra implies the following Ward operators:

The antighost operator

For the old formulation:

F̄^i = δ δc̄^i + ∂_μ ( √ gg^{μν} δ δA^{∗iν} ) + 2κ δ δb^i − ∂_μ ( ξ^μ δ δb^i ) , (F.14)

and for the new formulation:

F̄^i = δ δc̄^i + (∂_μ − 2I_μ) ( √ gg^{μν} δ δA^{∗iν} ) + 2κ δ δb^i − ∂_μ ( ξ^μ δ δb^i ) . (F.15)

Ward operator for the rigid G-transformations

W^i_G = ∫ d^4x ( − f^{jik} { A^k_μ δ δA^jμ + A^{∗kμ} δ δA^{∗jμ} + λ^k δ δλ^j + λ^{∗k} δ δλ^{∗j} −λ̄^k δ δλ̄^j − λ̄^{∗k} δ δλ̄^{∗j} + c^k δ δc^j + c^{∗k} δ δc^{∗j} + c̄^k δ δc̄^j + b^k δ δb^j }

− T^i_{AB} { ϕ_B δ δϕ_A + ϕ^∗_B δ δϕ^∗_A + ϕ̄_B δ δϕ̄_A + ϕ̄^∗_B δ δϕ̄^∗_A + ψ_B δ δψ_A + ψ^∗_B δ δψ^∗_A −ψ̄_B δ δψ̄_A − ψ̄^∗_B δ δψ̄^∗_A } ) . (F.16)

Ward operator for the diffeomorphisms

ω_{Dμ} = ω_{Tμ} + ∂_ν ω_μ^ν , (F.17)

where ω_{Tμ} = ( ∑ all fields ∂_μφ δ δφ ) , (F.18)

and, for the old formulation,

ω_μ^ν = ( δ^ν_μ ∑ φ^∗∈I^∗ φ^∗ δ δφ^∗ − A^i_μ δ δA^i_ν + A^{∗iν} δ δA^{∗iμ} − e_μ^a δ δe_ν^a −Ψ_μ δ δΨ_ν + Ψ̄_μ δ δΨ̄_ν − C_{μρ} δ δC_{νρ} − B_μ δ δB_ν − w_μ δ δw_ν ) , (F.19)

whereas for the new formulation:

ω_μ^ν = ( δ^ν_μ ∑ φ^∗∈I^∗ φ^∗ δ δφ^∗ − A^i_μ δ δA^i_ν + A^{∗iν} δ δA^{∗iμ} − e_μ^a δ δe_ν^a −Ψ_μ δ δΨ_ν + Ψ̄_μ δ δΨ̄_ν − C_{μρ} δ δC_{νρ} −B_μ δ δB_ν − K_{μρ} δ δK_{νρ} − I_μ δ δI_ν − J_μ δ δJ_ν ) . (F.20)

Ward operator for the Lorentz transformations

For the old formulation:

ω^{ab}_L = ( i 2 λ^iσ^{ab} δ δλ^i − i 2 λ̄^iσ^{ab} δ δλ̄^i + i 2 ψ_Aσ^{ab} δ δψ_A − i 2 ψ̄_Aσ^{ab} δ δψ̄_A + ( η^{ac}e_μ^b − η^{bc}e_μ^a ) δ δe_μ^c + i 2 Ψ_μσ^{ab} δ δΨ_μ − i 2 Ψ̄_μσ^{ab} δ δΨ̄_μ + i 2 εσ^{ab} δ δε − i 2 ε̄σ^{ab} δ δε̄ + 2 ( δ^a_c λ^b_d − δ^b_cλ^a_d ) δ δλ_{cd} ) , (F.21)

and for the new formulation:

ω^{ab}_L = ( i 2 λ^iσ^{ab} δ δλ^i − i 2 λ̄^iσ^{ab} δ δλ̄^i + i 2 ψ_Aσ^{ab} δ δψ_A − i 2 ψ̄_Aσ^{ab} δ δψ̄_A + ( η^{ac}e_μ^b − η^{bc}e_μ^a ) δ δe_μ^c + i 2 Ψ_μσ^{ab} δ δΨ_μ − i 2 Ψ̄_μσ^{ab} δ δΨ̄_μ + i 2 εσ^{ab} δ δε − i 2 ε̄σ^{ab} δ δε̄ + 2 ( δ^a_c λ^b_d − δ^b_cλ^a_d ) δ δλ_{cd} + i 2 χσ^{ab} δ δχ − i 2 χ̄σ^{ab} δ δχ̄ ) . (F.22)

Ward operator for the R-transformations

ω_R = ( − ∂_μ δ δB_μ + ∑ all fields iR_φφ δ δφ ) . (F.23)

Ward operators for the C-transformations

(old formulation only)

ω^μ_C = ( ∂_ν δ δC_{μν} ) . (F.24)

Ward operator for the shift transformations

(new formulation only) ω^{μν}_K = ( δ δC_{μν} + 1 4 ∂_λ { ε_ρ^{λμν} ( 3 δ δB_ρ + ε̄σ̄^ρ δ δχ + εσ^ρ δ δχ̄ )}) . (F.25)

Ward operator for the supertrace transformations

(new formulation only)

ω_χ = ( 2ϕ_A δ δψ_A − 2ψ^∗_A δ δϕ^∗_A − σ_μ δ δΨ̄_μ + 3σ^νσ̄_μΨ_ν δ δB_μ − iσ_{ab}ε δ δλ_{ab} −4εc̄^i δ δb^i + 3iε δ δη + 2ε δ δκ + 2 (εΨ_μ) σ^μ δ δχ̄ + (4iσ_{μν} ε + 4εC_{μν}) δ δK_{μν} ) .(F.26)

Ward operator for the (modified) Weyl transformations

(new formulation only)

ω_κ = ( ∑ all fields ~d_φφ δ δφ − 1 4 ∂_λ { ε_ρ^{λμν} C_{μν} ( 3 δ δB_ρ + ε̄σ̄^ρ δ δχ + εσ^ρ δ δχ̄ )}

+∂_μ { i 2 ε̄σ̄^μ δ δχ − i 2 εσ^μ δ δχ̄ + δ δI_μ } ) . (F.27)

Linear Symmetries

Finally, setting γ = Σ in (F.4) to (F.13) leads to

F̄^iΣ = −bΩ^i_b = Ω^i_{c̄} , W^i_GΣ = 0 , ω_{Dμ}Σ = −∂_ν (ξ^ν Ω_{Dμ}) , ω^{ab}_L Σ = −∂_μ ( ξ^μΩ^{ab}_L ) , ω_RΣ = −∂_μ (ξ^μΩ_R) , (F.28)

and, for the old formulation:

ω^μ_CΣ = 0 , (F.29) whereas for the new formulation:

ω^{μν}_K Σ = 0 ,

ω_χΣ = ∂_μ (ξ^μΩ_χ) − ( i 4 λ_{ab}σ^{ab} + iη + 1 2 κ − 2 (Ψ_μσ^με̄) ) Ω_χ ,

ω_κΣ = −∂_μ (ξ^μΩ_κ) . (F.30)

These are the (linearly) broken classical symmetries of the model encoded in the ST identity.

Local Supersymmetry

There is no such simple Ward identity for local supersymmetry. This is due to the nonlinearity of the supersymmetry transformations and therefore to the absence of a ghost identity for the supersymmetry ghost ε. We have indeed seen that the Ward identities corresponding to the linear symmetries, a priori contained in the Slavnov-Taylor identity, are extracted therefrom through the action of the ghost identity operators, as explained at the beginning of this Appendix. It is however possible to write down a Ward identity for the local supersymmetry in the F.L. – hence for the conservation of the spinor current Q^μ_α – which one may define [12] as the derivative of the Slavnov- Taylor identity with respect to ε(x), setting then ε(x) as well as the remaining external ghosts to zero:

ω_{Sα}Σ = δ δε^α S(Σ) | | | |_{ext. ghosts=0} = ( Σ, δΣ δε^α )| | |_{ext. ghosts=0} + i∂^μ

δ Σ|_{ext. ghosts=0} δΨ^α_μ + terms vanishing in the flat limit = 0 .

(F.31)

Rigid Ward Operators

By integrating these local Ward identities, we find the (non-broken) global Ward identities W_{Dμ}Σ = 0 , W^{ab}_L Σ = 0 , W_RΣ = 0 ,

W^{μν}_K Σ = 0 , W_κΣ = 0 ,

(F.32)

corresponding to invariance under the translations, the (global) Lorentz transformations, the (global) R-transformations, the (global) shift transformations and the (global) Weyl transformations, respectively.

G. Computation of Σ_c

In this Appendix, we solve the cohomological problem set by (5.2),

B_ΣΣ_c = 0 , (G.1) in the space of local functionals in the fields, with the set of supplementary conditions (5.3) δΣ_c δb^i = 0 , F^iΣ_c = 0 , (G.2) δΣ_c δξ^μ = δΣ_c δλ_{ab} = δΣ_c δη = 0 , (G.3) δΣ_c δK_{μν} = δΣ_c δχ = δΣ_c δχ̄ = 0 , (G.4)

h_κΣ_c = 0 . (G.5) The constraints (G.2-G.5) are easily solved and lead to a Σ_c which is independent of b^i, ξ^μ, λ_{ab}, η, K_{μν}, χ, χ̄ and which depends on c^i only through its derivative ∂_μc^i and on κ only through the combination Ĵ_μ = J_μ + ∂_μκ . (G.6)

We can obtain further constraints by using (G.2-G.5) and the algebra given in F. For example, 0 = δ δb^i B_ΣΣ_c − B_Σ δ δb^i Σ_c = F̄^iΣ_c . (G.7) In the same way, we obtain:

W^i_GΣ_c = 0 , (G.8) ω_{Dμ}Σ_c = ω^{ab}_L Σ_c = ω_RΣ_c = 0 , (G.9) ω^{μν}_K Σ_c = 0 , (G.10) ω_κΣ_c = 0 . (G.11) ω_χΣ_c = ω_{χ̄}Σ_c = 0 . (G.12) (G.7) and (G.10) are easily solved and lead to a Σ_c that depends on c̄^i and on C_{μν} only through the combinations Â∗iμ = A∗iμ + √ggμν (∂_ν + 2I_ν )c̄i B̂_μ = B_μ +^3_8 ε_μνρλ∂_ν C_{ρλ} .

(G.13)

In the new variables Ĵ_μ, Â^{∗iμ} and B̂_μ, (G.5), (G.7) and (G.10) look much simpler: δΣ_c δκ = 0 , (G.14) δΣ_c δc̄^i = 0 , (G.15) δΣ_c δC_{μν} = 0 , (G.16)

and therefore we assume from now on to work with these new variables.

The general solution of (G.1) can be written formally as Σ_c = Σ_{ph} + B_ΣΣ̂_c . (G.17) We will proceed in two steps: the first to explicitly construct Σ̂_c by enumerating the candidates and applying the constraints and the second to find the cohomology element Σ_{ph} by filtration methods [6].

G.1. Construction of Σ̂_c We look for the most general functional Σ̂_c with dimension 4, ghost number -1 and R-weight 0 such that B_ΣΣ̂_c satisfies (G.2)-(G.5) and (G.8)-(G.12).

Σ̂_c is independent of c̄i and bi: Let us introduce the counting operator N = ∫ d^4x { b^i δ δb^i + c̄^i δ δc̄^i } . (G.18)

On one hand we have N ( B_ΣΣ̂_c ) = 0 , (G.19) which follows form (G.2) and (G.15). On the other hand, [N, B_Σ] = 0 . (G.20) So, expanding Σ̂_c according to N, namely writing Σ̂_c = ∑ n≥0 Σ̂^{(n)}_c with NΣ̂^{(n)}_c = nΣ̂^{(n)}_c , (G.21)

we have 0 = [N, B_Σ] Σ̂_c = −B_Σ ( NΣ̂_c ) = − ∑ n≥0 n B_ΣΣ̂^{(n)}_c , (G.22)

which means that only Σ̂^{(0)}_c , i.e. the b^i, c̄^i independent part of Σ̂_c, contributes to B_ΣΣ̂_c. Thus, without loss of generality, we can choose Σ̂_c independent of b^i and c̄^i.

Σ̂_c is independent of C_{μν} : As B_ΣΣ̂_c is constrained to be independent of K_{μν} (see (G.4)), we have 0 = δ δK_{μν} ( B_ΣΣ̂_c ) = { δ δK_{μν} , B_Σ } Σ̂_c − B_Σ δ

Σ̂_c δK_{μν} = ω^{μν}_K Σ̂_c + ∂_ρ ( ξ^ρ δΣ̂_c δK_{μν} ) − ∂_ρξ^μ δΣ̂_c δK_{ρν} + ∂_ρξ^ν δΣ̂_c δK_{ρμ} + 2κ δΣ̂_c δK_{μν} − B_Σ δΣ̂_c δK_{μν} . (G.23)

It can be easily seen by writing down the most general candidate that Σ̂_c is independent of K_{μν} , χ and χ̄, and therefore, (G.23) leads to δΣ̂_c δC_{μν} = 0 . (G.24)

Σ̂_c is independent of ci and satisfies W i_GΣ̂_c = 0: We can write

Σ̂_c = ∫ d^4x ( Q^{ij} (e_μ^a)c^{∗i}c^j + independent of c^i ) , (G.25)

where the scalar Q^{ij}(e_μ^a) is a local functional in the vierbein. From (G.2), we get ∫ d^4x δ δc^i ( B_ΣΣ̂_c ) = 0 , (G.26)

which leads, by an explicit calculation of the term linear in c^i, to Q^{ij} (e_μ^a) = 0. Thus, Σ̂_c is independent of ci. Then, we write

0 = ∫ d^4x δ δc^i ( B_ΣΣ̂_c ) = {∫ d^4x δ δc^i , B_Σ } Σ̂_c − B_Σ ∫ d^4x δΣ̂_c δc^i = W^i_GΣ̂_c , (G.27)

which shows that Σ̂_c is invariant under the G-rigid transformations.

Σ̂_c is independent of ξμ: We can write

Σ̂_c = ∫ d^4x (P_μξ^μ + independent of ξ^μ) , (G.28)

where P_μ is a functional of dimension 5, ghost number -2 and R-weight 0. From the condition δ δξ^μ B_ΣΣ̂_c = 0, we get P_μ = 0 and thus Σ̂_c is independent of ξ^μ.

Remaining candidates: We can now list the remaining functionals potentially constituting Σ̂_c

Σ̂_c = ∫ d^4x ( Z_AÂ^{∗iμ}A^i_μ + Z_λλ^{∗i}λ^i + Z̄¯_λλ̄^{∗i}λ̄^i + Z_{ϕAB} ϕ^∗_Aϕ_B + Z̄¯_{ϕAB}ϕ̄^∗_Aϕ̄_B + Z_{ψAB} ψ^∗_Aψ_B + Z̄¯_{ψAB}ψ̄^∗_Aψ̄_B + Y_{AB} ( Ψ̄_μσ̄^μψ^∗_A ) ϕ_B − Ȳ_{AB} ( Ψ_μσ^μψ̄^∗_A ) ϕ̄_B + V g^{μρ} ( Ψ_μ + i 3 Ψ_ν σ^ν_μ ) λ^{∗i}A^i_ρ + W g^{μρ} ( Ψ_μλ^{∗i} ) A^i_ρ + V̄ g^{μρ} ( Ψ̄_μ + i 3 Ψ̄_νσ̄^ν_μ ) λ̄^{∗i}A^i_ρ + W̄ g^{μρ} ( Ψ̄_μλ̄^{∗i} ) A^i_ρ ) , (G.29)

where Z_A, Z_λ, V and W are arbitrary constants and Z_{ϕAB}, Z_{ψAB} and Y_{AB} are G-invariant tensors.

The last step is to apply B_Σ on this Σ̂_c and to impose the remaining constraints, namely (G.4), which lead to

W = W̄ = 0 Z_{ϕAB} + Z_{ψAB} − 2Y_{AB} = 0 Z̄_{ϕAB} + Z̄_{ψAB} − 2Ȳ_{AB} = 0 . (G.30)

Thus, finally, Σ̂_c is given by

Σ̂_c = ∫ d^4x ( Z_AA^i_μÂ^{∗iμ} + Z_λλ^{∗i}λ^i + Z̄¯_λλ̄^{∗i}λ̄^i + Z_{ϕAB} ( ϕ^∗_A + 1 2 Ψ̄_μσ̄^μψ^∗_A ) ϕ_B + Z̄_{ϕAB} ( ϕ̄^∗_A − 1 2 Ψ_μσ^μψ̄^∗_A ) ϕ̄_B + Z_{ψAB} ψ^∗_A ( ψ_B + 1 2 σ^μΨ̄_μϕ_B ) + Z̄_{ψAB}ψ̄^∗_A ( ψ̄_B − 1 2 σ̄^μΨ_μϕ̄_B )

+ V g^{μρ} ( Ψ_μ + i 3 Ψ_ν σ^ν_μ ) λ^{∗i}A^i_ρ + V̄ g^{μρ} ( Ψ̄_μ + i 3 Ψ̄_νσ̄^ν_μ ) λ̄^{∗i}A^i_ρ ) .(G.31)

The interpretation of the different terms is given in the text, after (5.7).

G.2. Computation of the cohomology element Σ_{ph}

Let us denote by F the space of local functionals in the fields with dimension 4, ghost number 0 and R-weight 0, constrained by (G.2-G.5) and (G.8-G.11)^{10}. We are thus looking for the cohomology of B_Σ in F, denoted by H(F, B_Σ). To do this, let us introduce the filtration operator N = ∫ d^4x { ε δ δε − ε̄ δ δε̄ + Ψ_μ δ δΨ_μ − Ψ̄_μ δ δΨ̄_μ + χ δ δχ − χ̄ δ δχ̄ } , (G.32)

which leads to the following decomposition for B_Σ and F:

B_Σ = 4∑ k=0 B^{(k)}_Σ , with [N, B^{(k)}_Σ ] = kB^{(k)}_Σ , F = 8∑ k=0 F^{(k)} , with NΞ^{(k)} = kΞ^{(k)} if Ξ^{(k)} ∈ F^{(k)} .

(G.33)

Writing down explicitly a basis of F shows that there is no element of order greater than 8.

The procedure we apply in order to find H(F, B_Σ) was developed in [33] and applied, in particular, in [12, 10, 11, 13, 14, 25, 34]. It consists in the following steps:

Step 1: It has been shown in [33] that for each element of H(F, B_Σ), we can pick up a particular representative which has the property that its lowest order according to the filtration N is in the cohomology of B^{(0)}_Σ . Thus, the first step consists in constructing the cohomology of B^{(0)}_Σ in the different spaces F^{(k)}, denoted by H(F^{(k)}, B^{(0)}_Σ ), for k = 1, . . . , 8. 10(G.12) is not included in the set of constraints defining F since the filtration operator we are just going to introduce (G.32) does not commute with ω_χ. Nevertheless, as ω_χ is contained in the ST linearized operator B_Σ, the cohomology elements Σ_{ph} we are going to construct will be invariant under ω_χ thanks to (G.1). This accounts for the fact that the constraints (G.8-G.12) are contained in the B_Σ-invariance constraint (G.1) and thus do not need to be imposed separately.

Step 2: We then proceed to the construction of the “extension” H_{ext}(F^{(k)}, B^{(0)}_Σ ) of H(F^{(k)}, B^{(0)}_Σ ) , defined by

H_{ext}(F^{(k)}, B^{(0)}_Σ ) = { Ξ ∈ F | | | | Ξ = Ξ^{(k)} + ∑ n>k Ξ̄^{(n)} with NΞ̄^{(n)} = nΞ̄^{(n)} for n > k

and Ξ^{(k)} ∈ H(F^{(k)}, B^{(0)}_Σ ) ,

and B_ΣΞ = 0 } . (G.34)

In other words, H_{ext}(F^{(k)}, B^{(0)}_Σ ) is the subspace of F which contains the B_Σ-invariants whose lowest order according to the filtration N are elements of H(F^{(k)}, B^{(0)}_Σ ). To perform this construction, we write explicitly the constraint of B_Σ-invariance of Ξ:

B_ΣΞ = 0 ⇐⇒

B^{(0)}_Σ Ξ^{(k)} = 0

B^{(1)}_Σ Ξ^{(k)} + B^{(0)}_Σ Ξ̄^{(k+1)} = 0

B^{(2)}_Σ Ξ^{(k)} + B^{(1)}_Σ Ξ̄^{(k+1)} + B^{(0)}_Σ Ξ̄^{(k+2)} = 0 . .

(G.35)

We readily see that the first equation is automatically satisfied since Ξ^{(k)} ∈ H(F^{(k)}, B^{(0)}_Σ ) , and that the other ones are really constraints since, for example, B^{(1)}_Σ Ξ^{(k)} is not automatically B^{(0)}_Σ -trivial. Thus, step 2 consists in solving this system of equations (which is finite due to the decomposition (G.33) being finite), starting with the cohomologies found in step 1.

Step 3: We finally test the triviality of the elements found in step 2 by the following construction. Let us define the sum:

H_{ext}(F, B_Σ) = 8⨁ k=0 H_{ext}(F^{(k)}, B^{(0)}_Σ ) , (G.36)

as well as the subspace I(F, B_Σ) containing the trivial B_Σ-invariants:

I(F, B_Σ) = { Θ ∈ F | | | B_ΣΘ = 0 and ∃ Θ̂ such that B_ΣΘ̂ = Θ } . (G.37)

Remark: Θ̂ is not subject to the constraints defining F, i.e. it is a general local functional in the fields with dimension 3, ghost number -1 and R-weight 0 such that B_ΣΘ̂ belongs to F.

Thus, the cohomology H(F, B_Σ) is given by the quotient of H_{ext}(F, B_Σ) by I(F, B_Σ):

H(F, B_Σ) = H_{ext}(F, B_Σ)/I(F, B_Σ) . (G.38)

Moreover, I(F, B_Σ) can easily be calculated since it is simply given by the B_Σvariation of the general element displayed in G.1, equation (G.31).

We have now finished with the description of the general method and turn to the specific case of interest in this paper.

Step 1: Due to the constraints defining F, the action of B^{(0)}_Σ on the elements of F reduces to:

B^{(0)}_Σ = S_G + S^{∗(0)} + ∫ d^4x { +Ĵ_μ δ δI_μ + ( −i∇_με + χ̄σ̄_μ + 1 4 X_με − i 8 X^ν εσ_{μν} ) δ δΨ_μ − ( −i∇_με̄ + χσ_μ − 1 4 X_με̄ + i 8 X^νε̄σ̄_{μν} ) δ δΨ̄_μ } , (G.39)

with X_μ defined in (2.2),

S_G = ∫ d^4x { ∇_μc^i δ δA^i_μ − 1 2 f^{ijk}c^jc^k δ δc^i − f^{ijk}c^j ( Â^{∗kμ} δ δÂ^{∗iμ} + λ^k δ δλ^i + λ^{∗k} δ δλ^{∗i} −λ̄^k δ δλ̄^i − λ̄^{∗k} δ δλ̄^{∗i} + c^{∗k} δ δc^{∗i} ) − T^i_{AB} c^i ( ϕ_B δ δϕ_A + ϕ^∗_B δ δϕ^∗_A + ϕ̄_B δ δϕ̄_A + ϕ̄^∗_B δ δϕ̄^∗_A + ψ_B δ δψ_A + ψ^∗_B δ δψ^∗_A − ψ̄_B δ δψ̄_A − ψ̄^∗_B δ δψ̄^∗_A )} , (G.40)

corresponding to the G-gauge BRS operator and

S^∗ = ∫ d^4x {( ∑ φ∈{A^i_μ,λ^i,ϕ_A,ψ_A} δΣ_{inv} δφ δ δφ^∗ )

+ ( ∇_μÂ^{∗iμ} + f^{ijk}(λ^{∗j}λ^k + λ̄^{∗j}λ̄^k) + T^i_{ab}(ϕ^∗_aϕ_b + ϕ̄^∗_aϕ̄_b − ψ^∗_aψ_b − ψ̄^∗_aψ̄_b) ) δ δc^{∗i} } , S^∗ = 4∑ k=0 S^{∗(k)} , with [N, S^{∗(k)}] = kS^{∗(k)} , (G.41)

where Σ_{inv} is given by (4.12).

We see that (I_μ, Ĵ_μ) appear in B^{(0)}_Σ as a BRS-doublet, from what follows^{11} that the B^{(0)}_Σ -cohomology can be choosen independent of these fields.

The calculation of the cohomology spaces H(F^{(k)}, B^{(0)}_Σ ), k = 0, . . . , 8 is then standard: we write the most general element of F^{(k)} which is independent of (I_μ, Ĵ_μ), apply the condition of B^{(0)}_Σ -invariance and finally test the triviality of the remaing candidate. We give here only H(F^{(0)}, B^{(0)}_Σ ) since, anticipating the Step 2, we found that the extensions of H(F^{(k)}, B^{(0)}_Σ ) for k = 2, . . . , 8 are all empty. Thus, the most general element Ξ^{(0)} of H(F^{(0)}, B^{(0)}_Σ ) is

Ξ^{(0)} = ∫ d^4x √ g ( α_1F^{iμν} F^i_{μν} + α_{2(AB)(CD)}ϕ_Aϕ_bϕ̄_Cϕ̄_D + α^i_{3AB} ϕ_A(ψ̄_Bλ̄^i)

+ ᾱ^i_{3AB}ϕ̄_A(ψ_B λ^i) + α_{4(AB)C} (ψ_Aψ_B )ϕ_C + ᾱ_{4(AB)C} (ψ̄_Aψ̄_B )ϕ̄_C + α_5C^{μνρλ}C_{μνρλ} + α_6Ĝ^{μν}Ĝ_{μν} ) , (G.42)

11see e.g. Section 5.2. of [6]

where α_1, α_5, α_6 are arbitrary constants and α_2, α_3, α_4 are G-invariant tensors. The Weyl tensor C_{μνρλ} is C_{μνρλ} = R_{μνρλ} − 1 2 (g_{μρ}R_{νλ} − g_{νρ}R_{μλ} − g_{μλ}R_{νρ} + g_{νλ}R_{μρ}) + 1 6 R (g_{μρ}g_{νλ} − g_{μλ}g_{νρ}) , (G.43) where the Riemann tensor R_{μνρλ}, the Ricci tensor R_{μν} and the scalar curvature R are defined in C, equation (C.6).

Finally, the R-curvature tensor Ĝ_{μν} is

Ĝ_{μν} = ∂_μB̂_ν − ∂_νB̂_μ . (G.44)

Steps 2 and 3: The extension of H(F^{(k)}, B^{(0)}_Σ ) is then straightforward (although going through tedious calculations) and proceeds as explained in solving (G.35). Finally, showing that the extended functionals are not trivial leads to the following most general element Σ_{ph} of H(F, B_Σ,):

Σ_{ph} = Z_G ∂Σ ∂G + Z_{(ABC)} ∂Σ ∂Λ_{(ABC)} + Z̄_{(ABC)} ∂Σ ∂Λ̄_{(ABC)} + Σ_{CSG} ,

where Σ_{CSG} is the purely conformal supergravity action [21], which is of the form

Σ_{CSG} = Z_{CSG} ∫ d^4x √ g ( C^{μνρλ}C_{μνρλ} − 3 4 Ĝ^{μν}Ĝ_{μν} + · · · ) . (G.45)

The dots involve the gravitational fields e_μ^a, Ψ_μ, B̂_μ and contain among other a kinetic part for the gravitino Ψ_μ.

The interpretation of these different counterterms is done in the text, just after (5.7).

References

[1] S. Ferrara and B. Zumino, Nucl. Phys. B 87 (1975) 207.

[2] O. Piguet and K. Sibold, Renormalized Supersymmetry, Series Progress in Physics, Vol.

12 Birkhäuser Boston Inc., 1986.

[3] H.P. Politzer, Phys. Rep. 14 (1974) 129.

[4] S.L. Adler and W.A. Bardeen, Phys. Rev. 182 (1969) 1517;

W.A. Bardeen, Renormalization of Yang-Mills fields and application to particle physics, C.N.R.S. (Marseille) report 72/p470, 29 (1972); Proceedings of the 16th International Conference on High Energy Physics, Fermilab 1972, Vol. II, p. 295.

[5] C. Lucchesi, O. Piguet and K. Sibold, Int. J. Mod. Phys. A 2 (1987) 385.

[6] O. Piguet and S.P. Sorella, Algebraic Renormalization, Lecture Notes in Physics m28, Springer-Verlag, Berlin, Heidelberg, 1995.

[7] O. Piguet and K. Sibold, Int. J. Mod. Phys. A 1 (1986) 913;

C. Lucchesi, O. Piguet and K. Sibold, Phys. Lett. B 201 (1988) 241; Helv. Phys. Acta 61 (1988) 321;

O. Piguet and K. Sibold, Helv. Phys. Acta 63 (1990) 71;

C. Lucchesi and G. Zoupanos, All-order Finiteness in N = 1 SYM Theories: Criteria and Applications, Proceedings of the Workshop on “Recent Developments in theoretical Physics”, CERN, Geneva, Dec. 1995, Fortsch. Phys. 45 (1997) 129 [hep-ph/9604216]; O. Piguet, Supersymmetry, Ultraviolet Finiteness and Grand Unification Proceedings of the X International Conference in Alushta, Crimea, Ukraine, on Problems of Quantum Field Theory, Dubna, 1996, hep-th/9606045.

[8] M. Sohnius and P.West, Phys. Lett. B 100 (1981) 245.

[9] A.V. Ermushev, D.I. Kazakov and O.V. Tarasov, Nucl. Phys. B 281 (1987) 72;

D.I. Kazakov, Mod. Phys. Lett. A 2 (1987) 663; D.R.T. Jones, Nucl. Phys. B 277 (1986) 153;

D.I. Kazakov, M.Yu. Kalmykov, I.N. Kondrashuk and A.V. Gladyshev, Nucl. Phys. B 471 (1996) 389 [hep-ph/9511419];

D.I. Kazakov, Softly Broken Supersymmetric Grand Unification, Proceedings of the X International Conference in Alushta, Crimea, Ukraine, on Problems of Quantum Field Theory, Dubna, 1996.

[10] P.L. White, Class. and Quant. Grav. 9 (1992) 1663.

[11] P.L. White, Class. and Quant. Grav. 9 (1992) 413.

[12] N. Maggiore, O. Piguet and S. Wolf, Nucl. Phys. B 458 (1996) 403 [hep-th/9507045].

[13] N. Maggiore, Int. J. Mod. Phys. A 10 (1995) 3937 [hep-th/9412092].

[14] N. Maggiore, Int. J. Mod. Phys. A 10 (1995) 3781 [hep-th/9501057].

[15] N. Maggiore, O. Piguet and S. Wolf, Nucl. Phys. B 476 (1996) 329 [hep-th/9604002].

[16] M. Sohnius, P. West, Phys. Lett. B 105 (1981) 353, Nucl. Phys. B 198 (1982) 493.

[17] C. Becchi, A. Rouet and R. Stora, Comm. Math. Phys. 42 (1975) 127, Ann. Phys.

(NY) 98 (1976) 287;

I.V. Tyutin, Gauge invariance in field theory and statistical mechanics Lebedev preprint FIAN, n^0 39 (1975), unpublished.

[18] L. Baulieu and M. Bellon, Nucl. Phys. B 266 (1986) 75;

L. Baulieu, M. Bellon, S. Ouvry and J.-C. Wallet, Phys. Lett. B 252 (1990) 387.

[19] I.A. Batalin and G.A. Vilkovisky, Phys. Lett. B 69 (1983) 309; Phys. Rev. D 28 (1981) 2567; Phys. Lett. B 102 (1981) 27.

[20] E. Kraus and K. Sibold, Nucl. Phys. B 372 (1992) 113, Nucl. Phys. B 398 (1993) 125.

[21] M. Kaku, P.K. Townsend and P. van Nieuwenhuizen, Phys. Rev. D 17 (78) 3179;

Phys. Lett. B 69 (77) 304; Phys. Rev. Lett. 39 (77) 1109;

M. Kaku, P.K. Townsend, P. van Nieuwenhuizen and S. Ferrara, Nucl. Phys. B 129 (1977) 125.

[22] E.S Fradkin and A.A. Tseytlin Phys. Rep. 119 (1985) 233. [23] O. Piguet and S. Wolf, work in progress. [24] J.A. Dixon, Comm. Math. Phys. 140 (1991) 169.

[25] N. Maggiore, O. Piguet and M. Ribordy, Helv. Phys. Acta 68 (1995) 264 [hep-th/9504065].

[26] P. Breitenlohner and D. Maison, Renormalization of supersymmetric Yang–Mills theories in Cambridge 1985, Proceedings: Supersymmetry and its applications, p. 309; N=2 Supersymmetric Yang–Mills theories in the Wess–Zumino gauge, in Renormalization of quantum field theories with nonlinear field transformations, edited by P. Breitenlohner, D. Maison and K. Sibold, Lecture Notes in Physics, Vol. 303, p. 64, Springer Verlag, Berlin, Heidelberg, 1988.

[27] F. Brandt, Class. and Quant. Grav. 11 (1994) 849 [hep-th/9306054]. [28] A. Blasi, O. Piguet and S.P. Sorella, Nucl. Phys. B 356 (1991) 154. [29] G. Bandelloni, C. Becchi, A. Blasi and R. Collina Nucl. Phys. B 197 (1982) 347;

P.G.O. Freund Ann. Phys. (NY) 84 (1974) 440.

[30] T.E. Clark, O. Piguet, K. Sibold, Nucl. Phys. B 143 (1978) 445. [31] O. Piguet, S. Sorella, Helv. Phys. Acta 63 (1990) 683.

[32] O. Piguet, K. Sibold, Nucl. Phys. B 196 (82) 428; Nucl. Phys. B 196 (1982) 447. [33] J.A. Dixon, Comm. Math. Phys. 139 (1991) 495; Cohomology and renormalization of gauge theories, I, II, III, unpublished preprints HUTMP 78/B64, 1976, 1977.

[34] F. Brandt, N. Dragon and M. Kreuzer, Nucl. Phys. B 340 (1990) 187;

F. Brandt, Ann. Phys. (NY) 259 (1997) 253 [hep-th/9609192].